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ABSTRACT ..... 

nlC statistical equatiOns for a coropr~ssible gas· are developed 

in a general form. All the properties (density. velocity,. pressure" . 

internal energy and temperature; also viscosity. heat.conductivity. and 

specific heats) are considered to be turbulent and are separated into 

macl.'oscopic quantitie8 and fluctuations • Freooom i~ retained to make .. 

the most convenient definit19ns -of these separations at a·later.stage .. 

First a c()mplete set· of equat_ions is·derived frgm,the geueral. 
" .. 

form, taking as the fundainentaLmacroscoplc quant.;i.ties thettlean val!!es 

of the veloci.ty· Va.· ; "the- temperature e t the density P and the 

pressure p ...• 

.. Second the choice of the mostconvenient-fmldamental macroscopic 
- . - - . 

quantities is discussed, t<lhi-ch leads to the propolled u.se of t-he mean 
. . .-- -.""". 

values~ of_ the mass"'waighted velocity· P Va. = p Va. • the internal energy 
. . - -Iv .... .. 

per· unit volume Pe =,-P e -,the-d~Iisity . p. •. and the pressurep. 

'the corresponding equations haves1mpler forms than thee 

pJ:'eceding equations, then physical interpretation is clearer; and tbey 

appear to be more convenient for theoretical work, and . probably '£o:r 

turbulence meaBqre~ents. 

-:-:-:-:-:-:~l-:~ 

I 
I 
J 

J 



- C 0 NT E NT'S •. 

- LIST OF S~1BOLS.-

.L.::.J.NTRODUCT-ION ... ' 2 

II. - STATISTICAL EQUATIONS OFUAtANCE .- 4 
<~. 

2.1-. Dei Init ions, in,erages II macros_copic quantit les. 4 

2.2.· Mean balance for atransferablequan~ity in a - 6 
--" .' . . 

turbulent -flOtolo~a coropress~ble fluid·>, ' 
. . ."-

2.3. Statistical equatitinfor balance of mass' ,in a 9 

~turbulent flow of-·~,. COllll)ressible fluid~'" 
, -.- -

2.4.. Statistic-a! equation for balanee ·of. a transfe .. : 10 

rable qUlln~ityina _turbulent flOt~_of a compres~ " 

siblefluj.d, ,dth maS$~b~'l~nce. . - ' 

, "i.5.' Equation for _baI'ange of a transferable quantity', 11 

ina flm~ of a- compressiblefluld_lt lIlitb'mass 

" balance. 
/-, :"-

-III.~ STATISTICAL _EQUATIONS OF NOTION .-:~.-13 

3.1. " Statistical equations of motion for( a compressible 13 

turbulent fluid. , , 

3.2. " Statistical equations of'motion for a, neltltonian g(fs~ 13 

3.3. Statistical equations of ~otiO~ fo~. a fluid relat~~~17 
, ' .. 

toa cOnstant rotationcoordlmltl\! system~. . " 

lV.o SJATISTICAL EQYATI~~S OF ENERGY fOR A GAS.- 19 

4.1. Statistical equation for internal and kinetic 19 

energy for a gaS. 

4.2. Instantaneous equations of internal energyp 21 
enthalpYD entropy, and state for a gas. 

4$3. Statistical equation for internal energy of a gas. 25 

4.4. Statistical equation of state for a perfect gas. 26 

4.5~ Statistical equation of enthalpy for a gas. 26 

... / ... 



- CONTENTS (Suite) ... 

4.6. Statistical equation of heat transfer for· 21 

a gas. 

4.7. Statistical equat:i..onof kinetic energy for the 29 

macroscopic move~,ent of a fluid. 

4.8. 'Statistical equation of internal and turbulent 30 

kinetic energy for a gas. 

4.9., Statistical equation of turbulent kinetic 

tOmergy for a gas .•. 

4.10. Instantaneo1.is and statistical equations of 

" total enthalpy It and of total ternp(n:ature for 

a.gas. 

4.11. The kinetic encrgy relative to a constant 

rotation' coordinate system •. '" 

:n 

:31 

34 

v ~= STATISTICAL EgUATIONSOF A COHPRESSIBLE .GAS BY METl-IOD "An ;.. 35 

'5.1. Macroscopic quantj.tles.by m2thOO"A". 3.f 
5.2. " The statist{calequations: 9f a gas by 35 

I ' 

VI':- _STATISTICAL EQUATIONS
u 

OF A COMPRESSIBLEGAS~uBY' HETHOD 'fiB...... ' 45 

6.1. Macrosc()pic quantities by method "Bt•• ',45 

6.2. The stati~tical e'q~tions of a gas by ·52 

,method !'B''-. ' 

VII.- CONCLUSIONS .... 10 

CITED REFERENCES.- 16 



-LIST OF SYMBOLS .. 

[ ] 

( ) 

equation number. 

reference number, 

cartesian rectangular 

. . coordinates ~ 

time •... 

directioricosines of the 

' .. surface unit normal 

• .'Vector" 

' .. +.' . .' 

symetrical unit second 

. ordertensor. 

t.cqrt antlsymetrlcal unit 'third 

. , ' . order tensor • 

r PW cor rel,a tion coefficient 
.-

.... between ., P and W 
, -

Xa -component:s in directlonC(, .. 

.. of. extertialforce. per 

s 

, , 0 

unit mass to Xa same 

term without newtonian 

attraction of the planet, 

entropy, 

molecular stress component 

per unit surface t in 

direction a ~ 

molecular friction stress 

component per unit surface ~ 

in direction a'· , 

J) ~Y) rate of molecular diffusion 

and sourcesorsinl<.s 

production of PY per 

unit time and volume p. 

}) ( q ) rate of heat radiated or 

absorbed per unit time 

and volume. 

h' molecular d.iffusiou .. flu.x pf· (3 

" -

b~at per unit time and 

surface~; '. : ' 

.'. : Ja ' . -cre1ponent of centrifugal 

'9 ,; . a 

acce lerat. ion . In directiOn a. 
by rotation of the coordi" 

nate system~ 

compone~t of gravity acce ... 

leration in directi,6n a 

11. _ Rim, R absol~te constant 

for gases. m molecular 

weight- of the ga.s,. 

a -.d.1!:.. b- dk • 
- de 1 -de' 

.(J - d c" . CJ den 
v- crt' P= T:-:-

q ,Q energy per unit fnass. and 

per unit volume. that 

has to be supplied as 

heat to the ga9, 

..... / ... e 



The random quantities 
fl- T 

Ware separated into macroscopic quantities 

W :::: W 1\ and fluctuations 
!If- _ 
W "in this general form .• , or by 

methods flAil,. "B"" 
~ 

If >If 
9 = G ... 9 

A 
II --
=W ... w" 

9 ... 9" = 9 ... g' 

* * A A "'" '( ::::r ... '( =. r+ '( == '( ... '(' 
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. -- , pi P pi/ P p' p= P +- - -+ - + -
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~ l!f ,.., 
• I 
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-- i i . " i - + - + I +1 
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random quantity, 

,randoALquantity differentiable in 

time and in space, 

scal-':lr.'1u8rntity per unit mass· tr{lns

ported by the fluid motion; . 

comppnent of fluid velocity in 

di recfion aD_ 

__ density,-

pIessure, 

,internal energy per.unit mass" 

enthalpy per- unit mass" 
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" 

-total enthalpy per unit mass" 

total temperature" 

viscosity. 

therma1'conductivity, 



"\; 

~ + '1>" = ~ +'P' 
A B 

The material derlvativesare 

>* l4_ -

D() oL} TV ~ 
151 ~TI ,- j3 QXp 

A 
12L) = AJ ... v(.). oC) 
o t 0- t Po Xp 
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. - ' . -
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10- INTRODUCTION.-

The statistical equations' {}f incompres~:f.b-le-·turbtdenrftu;td-g-were"~ 

first '!;n:itten by BOUSSlNESQ (1) and REYNOLDS (2)" . averaging the equations 

of mass and Navier-Sfokes equations of motion~ the fluid beil.lgconsidered 

a continuum. The dependent variables such as velocity and pressure, were 

regarded as consisting of the sum of a me~n part. the average of these 

quanttties Within a specified volume or time interval, and a fluctuating 

part. 

L.P. RICHARDSON (3),J.E. MILLER (l~)11 A.D. YOUNG (S). 

H..B. SQUIRE (5) I> G.B. SCHUBAUER and C.H. TCHEN (6) ~ J .0. HINZE (7). and 

other Authors follor*,ed the same procedlu:'efor compressible turbulent flow. 

llo"Jever it must be noticed that(6): "First. thehydrodynrunical equations 

are nonlinear. with the nonlinear terms_ not only containing the velocity 

components and their derivatives II. suchas't>laS the case for· incompressible 

flO1l1, but also containing the product of velQcity by density. The latter 

must moreover sati$fytne~conditions iInposed by-the equation of continuity 

and the cqMat.ion of heat conduction. 

Second, in an incompressible flO\ottheReynolds equations have~ 
. ~- .. -" -, -. 

a form similar to the originaJ ~}lavier"'Stokes equations. provided additi.onal 

fictitious forces ~ called Reynolds s.tresses. are introduced. These stresses 

also characterize the turbulent friction and give the rate of production 
- -

of turbulence when multiplied by me ail velocity gradients. However, in a 

ccmpressible flOt,,~ such ficti~ious stresses- are more compUcated and 

involve ether roles in addition to theproduction.ofturQulence". 

Others Authors,·Th. HESSELBERG (8),. G~ DEDEBAl.'iT and Pli. WEHRLE (9). 

Van 1>1IEGHEM .Qud L. DlJFOUR (10) It A.K. BLACKADAR (11), especially. for atmos'" 

phere" have derived equations for the motion of compressible turbulent 

ga~tes ,.,hieh are averaged (11) "weighting each velocity by the density. 

thereby defining the mean velocity as the specific mean momentum, and 

(they) have sholm that this procedure leads to simpler fo.nus of the hydro

dynamic equations of mean motion". 

. .. / ..... 
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The fields of applications of the mechanics of tu.rbulent fluids 

are extending rapidly to compressible flows and also to flows in which 

the temperature turbulence is such that the fluctuations in the bulk 

properties no longer can be neglected. Therefore we. have written a set of 

equations (12) for a compressible·gas~ considered as a continuum, the 

velocities. density, pressure, i~terMl energy and temperature of Wl1ich 

are considered to be turbulent. Furthermore the viscosity, heat conductivity 

and specific hea~ate retained as variables so that they may be considered 
. . 

turbulent al_so. The eq,!ations are de~ivedfor motio~st.Jhicb are averaged 

by the metbod of density weight·ed velocities using averages of the mean 

momentum, and also of the meanspecif_icinternal energy. The mean flux of mass 

and mean .-i~te~lenergy due· to turbulence, being null bydefinlti?n,.. 

- theequat10ns have ~imple forms~ and ~iYrlple physicalmeaning. . 

Th(fpurpose· of the present study is to develop a more general __ 

set ofanalyticalexpresslons -for a compressible tuibtilentgas.itwhich 

can be used to make the choice of the-macroscopic quantities-that give. 
-- . .. ' 

for different fields of -application. the most convenient. form to the 

. equations. for mathematical treatment, for physical meaning, and for the_ 

performance of-measurements Oc 



11.- STATISTICAL EQUATIONS OF BALANCE.-

:':-. 

Let us considers fluid, usually a g,ag~' '8:t: the conventional 

scale such that~ by means of aver<lges in time and in space of the molecular 

movement~ it may he considered as a continuum, leading to continuous 

quantities derivable in time and ill space : velocity Va. • density P , 
pressure p ~ internal energy e entropy S per unit mass, temperat;ureS • 

, and also to bulk properties such as viscosity II • thermal conductivity k ". 
specific he.ets Cp at constant Pl"~ss~ure .and Cv at cOnstant volume ·per 

unit mass. Let Xu be the external force components per unit ma~s~Hechanical 

units will be used. 

l!'lOt-lS will be considered at high as \.;e11 as at lOt'; speeds. -and 

with moderat_cly farge as t-lel1 as small temperature variatic::ms. Th~refore. 

it is necessary to retain the eff~cts of~turbulence ofvelocity~ pressure~ 

density ~ internal e~ergy'. entropy , temperature I' even external force, a~d~~ 

also·~theeff~cts oftu~bulence of~·visCosity~. t'he:cmal conductivity and 

specific heats. Turbulent variations of these quantities. can no longer be 
, ""' .. --

These quantities. namely W , are so complex when they ilre 

turbulent that they have to be treated by statistical methods. They~ are 
". .- -- ~. ' 

represented by r:$.udom functions of time L . and space, Xa. in cartesl,an;,. i 

coordinates; with· the running indices (l . ~.. ~ ,- . .... i)l!' 

two parts ~ : the macroscopiC quantity W 

[ 1] [ 

"" 1 Ii· 2" 3,. and a:n~sep4rated~into· . ~'. * . ', .... 
and the random fluctuation W 

'The problem" therefore p concerns the detenninationof the macroscopic 
. .' -

quantities, including the mean interactions with fluctuations. 

The macl"oscopic quantities will be defined by means of averages 

of the once averaged motion over still larger scale. 

The stochastic averages of W (overscore) will be used. in 

general 



wi th w.J:r(w) dw 
-en ' 

't>1h,e,r~, f(w) is the probabilitYA~s~~y of W. The X~r.~~,t~oqsof ·w in spac,~" 
or in time are dependant on those of the probability densityfullction r(W) ",' : 

The flow is statistically stationrtary ~"hen its statistical 

properties dO,not vary in time .. 

Th-e time average may be used also for flows, statistically 

sta-tiO'nnary.The time average in a finite time T ia ! 

T.,- - t~.T -

W; ilw dl 

Practically the time T must be sufficiently large compared \i1.th the time 
,., ,T, 

scale of tIle turbulence,. so 'that W," is essentiallyiridependant of' the 

origiile J, ~ofaver~gingprOcedure. Th~n if fand-g are random variables. 

thEf followi11S rules are -valid: 

-f +9 '~'f ~ g. 
'[2] " -fg.:. fg 

- oJ 0 f 

In order to keep freedom to make late 1:' $" for different fields of 

. applications • the choice ofthe~ost conveni(;!ht. definitions bl 'means, of 

- averages of the macroscopic quani:Ltie-s~ \.Je snall" retain 'for Wonly the 

,- 'propert:y that : 

[

' • T 
. [3] .• W =W 

)IE 

The macroscopic quantity VVis equal to its own mean value._ 

but it is not in general equal to the mean value of the quantity W : 

[4] W= W = W_~ 
"'i" 

because the mean value W of the fluctuation is not necessarily null. 

According to that property [3] s the macroscopic quantity 

is a COlmtant in respe.ct to the integration in the averaging process. but 

0·. a I (I e. Q 



may depend upon the space and t~me parameters. We can therefore use the 

following relation : 

[5] [fW ~ fW ~ f W =r w 
t-lith this relation, we may effect the separation of the ·macros .. 

copic terms from averc:lged terms. 

2..20- ~~. BALflli9JLl.oa A TRA1i§!:"'ER£}.BLE ~'I;,Y jN ~.-IYP.Bj'jLENT FLtJrJ OF 

~'1E].ESSIBLE FLUID .... 

Let us consider ~. turbulent flow of a . 

compressible fluid; ina da~aJ.ne( r. ) 
11m:i.~ed by a surface B; and a scalar ~ __ 

quantityp 'I'by uhit volUin~of. the fluid,. 

-wllich is transporte.d at- the_velocity ~ 

0# the. matter II and 't~hich_mayberandom~ . 

TIle purpose is to detel1nine the mean 

balance of {)'I' in 4 volt.tme ( Q ) ),.nside 

(r. ) .' limited by a closedgeomet_rical 

surface of reference A. 

Let n be the unit normal vectoro£ Ap with c~ponents et3/ ~ cr'and _dn
··the elements of the-surface .A, snd of the volume ,( Q ). .-

,,'.,-",:', ... 

The quantity pY may be matter i~self. or heat,- or· energy~--Thi'

~mn.e form of balance process maybe .used for the vector momentum PVand.· 
-is an ~presBion of Euler's theorem·; but considering each of the three 
compon-ents P Va. it leads to three equat·ions of balance, (16).· 

-He shall cons ider, on one hand the local· variation and the 

transport of P Y by the movement . V~ $ and on the other hand the mean 

trans port by molecular £ luctuations p 1. e. molecular diffusi,on, and the 

local production or destruction of PY by nsources" or "sinks". 



As P'I' is assumed .to be differentiable in time, the local rate of 

variation in time of P'I' per unit volume is ~t (PY). and its contr! ... 

bution in (Q ) reads :: 

'1,~ (PY)' dn () l ' .. ' 
The coutributi~n of tran:s'port by the'mo'vemant V' ;"is the flux p 

through the~8urface A 

-

and ihataf molecular diffusion and sou~ces is expressed by means of a local 

rate -in t~.·~ (PI) per unit volume: 

... T:o(py)aQ," 
_ JQ' - . 

The balance of' 0, p·Y insi4e ( Q 

'-.:( 0- {py) d Q + r P, YVn. en. d (f ~1-':J) (PY) ,dQ" • 
J. at -.' JA" - tJ. tJ - Q - _ ,,_ 

Q - The mean balance ~f P Y ,inside(Q ,).is obtaIned by averagi.ng 

that -~~pression X 

l~(pY) d Q + fp Y V e dcr ~ r J2>(PY) d Q 
at ' JA- !3!3., .JQ' 

.n _ , 
The averag~s,. being in.~·egra1sl'· may be permu_ted -with the other integrals. 

Then with [21 

The quantity P I V 13 is not random. and the transfoI"m..'ltion of th~ 

surface integral into volume integral may be effected without recourse to 

the assumption of differentiabillty in space of P Y V (3 I> but m,lly of P rV(3 

according to HEHRLE (9). 



.. ,8 .. 

" .[': '[~ Pi + ~ PYv _ JJ(p.' i. )] dQ = 0 
Q 0 t OX!3 !3 .. .. 

t-Jhich is valid for any arbitrary volum~ (.Q ) sufficiently large witt. 

respect to the continuum scale.It 15 ther~fore valid for the elementary 

'volume d Q . and the local mean balance of P), reads: 

[7] L:t PY + o~ PYv(l =/)(PY) 
';"'>'" - . P:-"';j.,;. ;'.C· ·7,'c",:-,i .. ;:',:'~:~·· 

.. 'For- P)' . a scalar suClias ,heat:;theX-a ccmponEmt of -thequantitl' 

conducted e:6~oss -d (J' into the fluid inside by molecular diffusiOn being 

h t3peruni~time: and per unit' surface the mea~ value across A is : 

Plper unit ,ti~li~ and per \JU1.t- volU;~.- by-sources • Hts_ mean~ontribution in, 

( Q-) t:hen . '" - .. '. .• -",-

=XF(rY) dn 
,Q . 

For the elementary volume d Q, the molecular diffuslon and: sources .give : 
- ' , 

=- ohg --+ F(;1) , 
- oX(3 - - _. - ,,' 

[8} 

!n the case of momentUm. for:each component PVa. in the dlrect:iQn 

XC( the equivalent terms are the-cOmponents in tnat direction of-the extern11 

forces PXa. and the mean contribut:l:onper un1tvolume of molecular fluc

tuations of momentum. 

The volume external force component is, in aVerag',e : 

and r:Xa dn in dQ 

ft /!!I .,. •• .1" It. 



.. ~ ... 

The mean momentum conducted across A by molecular fluctuations 

being p. in direction Xu ~ per unit time and surface, the twice averaged 

value a~~BS A is : 

r; €(l dO' = lr- l dO' = r oPaj3 d n 
~tUf3 fJ . fj. up fJ In OXfJ 

and in d n : 0 G 'd n 
oX f3 .' . ' 

Then the right hand side of [7] reads p for one component of 

momentum : 

[9J- [ 
2. :3 • - STATISTICAl. EQ.UATION FOR BALANCE OF MASS IN A TURBULENT FLOW .2LA 
COHPRESSIBLE FLUID ..... 

It! 
Let us decompose Y into a macroscopic quantity -- *., "- .' • 

. fluctuation* .'I' , and.Vf3 !nto _.8 macroscopic velocity Vp 
r an4 a . 

and a fluctuation 

velocity. -Vn -, s~ch.tnat: 

[ 

P- . * ~ 
. - [10]- - '.Y = r'-~+_J 

, -[11] ."1\ . ~ 
{.lhich implies : 

Using the relation [5J • the. equation [7J becomes : 

[12J 

Using 

. 
the derivative follm'ling the macroscopic movement 

" ... /. iii 0 



... 10 .. 

Now, with Pl:: P \'1h1ch corresponds to : 

llE * 
I :: 1 )' -0 r =- 1 

the relation B2] eives a statistical equation for balance of mass : 

- '* ~ --
.Qf + ~ (p~ + PVp ) = JJ (P) 
at aXf3' . 

the rate of molecular diffusion and of local creation or destruc~ 

tioD of mass. The molecular diffusion effect is null, if the fluid is 

simple& by definition of the velocity Vp of t.he continuum (2). The rate 

of creation or destruction of mass is null II if the fluid is c_onserved. 

Ti1US t usual~y; the term .... :J) (p) .' is null. 

_The stat-ist.tcal equat_ion for balance of mass [13J also reads : 

• • 
. [j p' - oVp 
- +P . 0 t -0 Xp 

b§~- ST!)!,ISTICAL EQUATJON FOlL BAI..ANCE OF -A T&\NSFERABIE QUAi~TITY "m A 

TIJPJ3ULENT· FLOlv . .oF - A GOHPRESSIBLE· FL!!.ID p HITH -r-fASS' BALANCE.-

US ing the balance 'of' mass' [13J to transforIll [12] - . we obtain : 

[1SJ· ... 

which 1s a stat.istical equation for balance of a transferablequant1ty in. 

a turbulent flow of a compressible fluid. withstat1st1cal mass balance, 

and \oJ111(:h also reads. w1thB 4] ~ 

[16] 

- !IE or* * ~ -.. oy@ 15 +lL py + PY 
Dt Dt . 9 X!3 

... / ... 
!t adding the last relation with [19] • 



In these relations. the macroscopic quantities r 
retain general forms. 

~ .... EQUA!:ION FOR fu\LANCE OF A TRANSFERABLE QUANTITY IN. A FL<1.-l OF A 

{;.ONPR\j:SSIBLE FLUID!\ HITH M!:&§ BALANCE 0:..:. 

If the scale of observation is reduced sufficiently that'all 
. ' 3lt 

the details of the continuum motion are retained, the fluctuations Ware 

null by definition (or if the flow is Don-turbulent II! , til = 0). \-11t11- the 

assumption of differentiability not only in time but also in space, the 

same process used in (2.2.) (2.3.) (2.4.) l!13y be ,followed to,obtain the 

desired balance."'" 

It gives the classic instantaneous balance of mass': 

[17-] [ 
'With the derivative foll~dng, the movement Vw 

] . . d ('l_ Ol ~'+" V .QLl' "~_8 . , _~ tl 
. d t. '<1 t c!-, 0 X P' 

It gives also the instantaneous balance of a t-ra:ns~erable' 

quantity in a flow of a compressible flUid,. with mass balance-: 

for momentum' components. 
, _ f. 

~ 5] ~6],. with the assumption of differentiability not only in time but 

also in space, and simply cancelling the overscoras and the fluctuations. 

Now, let us consider, more generally, a quantity 
. * '* 9 :::G + 9 

dependent on, and differentiable inl) time t and space Xu • t-le may develop 

the expression : 



'Which~ with the balance of mass [17} ~'lxitten in t~e fo~ :. 

AE. + P ov~ _ ;p (p) = 0 J::~"op +fl~ + pO~(3 _ J)(P)~ 
[20]. d L OX(3 .. . . .. 0 t .... t-' ctX(3 . oX{3. . oX" .... 

~ oJ}; .. ( ~). ... 
- 1£ +p~ +~ PVn _l)(P} = 0 

Dt . OX(3· oX13 Y ,-
becomes :0. . ~ 

.. ~p Jlg_ + 9 JJ(p) = P ~G + !(p§) ~. P ~fl bG-u+ P 9 0 V@ ·0 

l21] d t ... 0 ~- U l. . _ . oX13 .. oXa-

+ ~f/ 1i~(3 +~;p (PJ * .. 
I~theO average p we obtain the expression :if G,: G 
.... 0·0 ~,. 

p i9. + 9 J) (p) =15 ~ G +5 p ~ + Pg o"i3 + p ~p 0 G 
~ 2] d t . 0 tOt ... oOXp .... OX{3 

o lie 4li ¥ ;;:::::r;:;\( 
+~ P 9 Vp + G;;o ~P J 

_ P - -
t-1e see that the statistical equation [14J may be obtained byaveraglng ihe 

instantaneous equatOion [2oL and that the statistical equation[16]may.be o 

00" 

obtained using expression [21] .and. averaging the instantaneous equation [19] . 

. Therefore these sets of ~quations ~ . instantaneous andstat-istical , 

may be formally deduced frClll each other. This is explained by the fact that 

. the scales of observation aTe changed. 

By substr:act ing [16] from (19). , considered at the osame scale of 

observation; and using [21] one can also obtain the instantaneous balance 

of the fluctuations of PY :. * 
O[A plot +.!-(py _py) +(p~p_p~p) or +(py _ p~)o\f3 

[23J 0 t Ul. ~ OXfl oXp 
with + O~ (py ~ p - p y ~(3) + r [ :0 (p) - :D(P) l::: cD (PY)- D(py) . 

p -
12~] f p~ p + p' ~ tqhich implies p' == 0 



111.- STATISTICAL EQUATIONS OF MOTtON.-

3.1.- STATISTICAL~TIONS OF MOTION, FOR A COHPRESSIBLE TURBULENT FLUID.;,.'·.·· 

The fundamental principle of dynamics ,in the form of Euler t s, 
~ . '. . 

theorem shows that, in the balance of momentum inside a reference 8urface,A,the 
local variation in time and the flux through A are equal tp the forces[9J • 

. . 

Using for each of the three components of momentum .. PVC( the 

instantaneous equation of balance • (19] "with 

. , [25] 

,'-- -- ,. " 

[2 61Lp ~~a + \1 ~ (p) = P1a +:% (l~ :n (p Va) ..... 
"Pa~,_being, __ tllemoleC~!~rstress ~ct:~P:lg o~the _s~tf~ce el~ent perpendicular 

to .• .-Xp in the direction 'X a\ ·Xt, has- tJle.--£orm~f,a.~~CO~d_rank tensor.·~' 

. . , , ' ~ The· statistical' equation~ of motion may':be' obtained by~veragblg . 

equationg-' [261, and USing' the expresslon-[22] wit.hI10] [1~r '. - ' 

These equstions- m~y be 'obtained -also directly by' Bp.plication 

of the statistical; equati~n of ' balance [16] with [25J : 
~ * * * r = ~ -'( ~ Va 

The statistical equations of motion fora compress1bleturbulent 

. fluid-II 'maybe l.l);,itten in the form 

'[27J 

a se't of three equations for C( .... 11121 3 respectively. 

3.2.- ST.i).TISTJ..CA.L EgUATIONS OF MOTION FOR A NEl-lTONIAN GAS.-

In the case of a net'l7tonian fluid tqe shall retain the classic 

assumptions (13) of : differentiability in space, 'as in time, linear 

relations between the stress components Pap and the rate of strain 

components ncr p 
[28] 

/ 
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isotropy of the fluid, And, lor a gas, the Stoke~';':relation" 

[29J 3 A + 2lL =0' ., 
between the -two coefficients .of viscosity lL II','~ A . 

:..;.. -'. ; , ~ 

. ""::' 
. :,: .~ 

. the relation [29) 1'J strictl-y valid fot~n(jnatomic gases t is 

assumed to 'be pract1callyvalidfoiusual. gases ',(13'): .,~. ,::' 
" . .. . "-' . - '.' " .. ., .... '_ .. ", 

:. ;. ~:;:~~.:--;'i<._',.:: •.. ":: ~".' '~'; 
. .':, ~. ) ;; ";' : -:': ", ~.. : -.,.-:.~, , 

Then we shalluse'~fo~ 'ga.<3es t;be relat£~h(f3)(~); [29}: 
.;.-.": .... ~-

•. : [ p~ p = -( ~-X ~~~}6afl+ll nap;' -( ~+{- ~ ~~~ )6cip+ll nap·· 
. . ",", . " 

. [301 

l,ylu~re 15.,18 the Kroneckersytnetrieal unit tcnsoT., 
<X~ ,- ' , ::.:::f 

>'the 'pre~~ur~~ith r~l~~i~n [29]. is in~ependent ~f the rate 

of strain. and 'is def1ne<tby' the:me~valueof the 'no~al stress~-s : 

'p = _i,n' , ' ':;=: " 
.. , .,' 3 r(la.- ~" ;,< ' " ' 

.'The v~scosity -ell is fou~d to be indep'endent of density, but 

.. dependent t:emperature .-- .~. ~:~. - --

. For t:he rel.at,ion [29]@O]~xper-iments show that (13) "the range··" 

of '\1~iidity'is very wide;fo'r it'is only ~ith .flu'1ds of c()mplex~olecular' 

a true tureat high rates of strains that t30] has been 'found to be" iuade-
- .-' -- -- - - ~~ .. - . - : ',." .' . _. . ---- - :;-

quaten • llo.rsirnple gases. it corresponds to the second' approximation of 

kinetic theory. The thirdapproximat:\.on shows that'ltis (1,3)lI1ad~quate 
for mostpuJ;'poses in £lulcl dynamicS-except in the, hl1'!Iu~<liate vicblity of 

a shock wave". ';-, : . 

. ",: ~. :- ," 

In our consideratlbn' of 'turbulence we shal-l ietaf~ also the 

usual assumption that fluids sh'ownewtonlanhehavior (7) and that ,the 

relation [30] is valid.Visc6u$f~iction limits :the rate· of strain in 
such a way that the li.near relations bet''Ieen the 'stressesand the rates 

of ,strain 'continue to be appU.cable in turbulent flOws.' " 
"",-.. 

. '~. . 

In the case of incompressible 

be used with zero dilatation, OVa. = ° 
oXa. 

flu1~s" .the relati.on [30] may 
.\ .. : 
.... 

,.:'. " 

.. ' ./ .... 
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Then, the term corresponding to ~a~ in the equation of motion (13) is 

(31] o"Pa(3 = _~ (-p +~ ~ OV~ ) +~ [11( oVa +~)] 
oX (3 OXa 3 0Xp oX P o~~ oXa · 

Therefore with [26J It we have the qo~ventional form of the 

Navier Stokes equations of ~tionfor a gas (13): 
. . . . .: .... , 2 

p_ d Va + v J) (p).; PXa--~ ~ ~ oVa . '~.~.~'. -.L (OV0) 
[32] d t C( o'Xa o~(30X~3 oXa ,.OXp . 

. ' 0 p. (~Wa - OV(3 )2 0110V~ . 
. ~ 0 x0.ox~+ oXa ~30X(l-'ox(3 

·"·i -, 

aridwlth ... [27J .;qe obtain 'a' statisti~al form of -the equations of mption' 

for a newtonian gas ,... -

*~ ** 
'p % ; ~. P~~'c+ p~p Q~ :~~a oVP .. -:;:~·· 

Dt· 0 t .' ... OX(3 ..O~(3~" 
. . 

(33J·· 

- 0. ~* .. * .. .. 
'" :OXI3P~VI3+ ~ D{P) = D(p Va }f 

'-_ .. ~. ....... op c ·-.o.2Vd..· 11 0 - (OYp) -- P\l---' +.~. . . + ---
. ·OXa . . OX(30Xp 3 oXa OXp . 

_+0 W ~ oVa +~) _ ~ ~9V~ 
. 0Xf3 oXp~_. oXa 3 oXa oX(3 . 

.. .. Since the co~fflci~nt of viscosity -lJ. d~pEmdson t?mperature. i,!: is 

n~cessary in anycofAplete formulation of the eqilations of motlontoalltlW ' 
for its variations. as has been done above.. But in addition we have .to 

_".. --.---

consider'that the temperature may De turbulent. and therefore that in 

the general case the viscosity may also be turbulent • 
.. " ... 

. . . :* 
t-1e may separate 11. in a macroscopic part M 

~ such that 

and a fluctuation 

... / .. ,,' 
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The right hand sides of equations [33] of motion' 'then' reads : 

[35] 

In the (:Glse of air, under nonnal conditions, fQr;i,.nstance, the variCltion 

of .ll· witr.presBure is only A% irl' ma~~~tudefot a vat-iation of pressure 

of 25 Y-.s/6l12 J14) , and is USUtillY ne~iig:tbie. The~is~osity '.'11. varies 

appro~ii:nat'i!lyas the 0,68 po-,vor of 'the absolute temperature' '9.fo": . 

I 
i 

~erilperatur~~betw~enO° and 20000 p' (15).' Th~varfE!tions ofl! are of :magnitucl~1 
;''';~'.. .: ,,' ""..; •. ; ..... ;. . .' . . ,.' ,;,ce"" .: I 

100 % foravariat ion of temperature of,l~OlJ~ centl~rades .an,<i if the tux:.. j 

hUlent temperature fiuctuatlo~s~ are'~ morethari~ 4~':centigr~de~ the , .' ... ,.,. *' ',' ,.,' +~ . 
ttirbulentfluctuations 11 ,of" 11. : are more than'.;.l %. .." 

-. -,' .:-~ - . . . 
" ,- ~'. -

:,:-

; Elcperimental 'inve§tJ.gatlon showS that tile' rela~:i~nship~between' .. -:---. . 
. vlscosity'a:'ila temperature of ,.9 gas"'i's a n()~;;'~1nddnl.fui1ction •• ,_even . if': 

"ll and e ara random. and the derivative 

[36] * -: a is also a non-ran,dom.function., 

nearly constant,varying only slightly with '9 in usual cases. 
. .. 

Let us also separate the temperature .9.1ntoa.macroscopic 

temperature:'" e and the fluctuat:i.h~ ~. such-thi1t:f:; .' 
:~".j .... _-.. : l'· .~ -- :_', .~".,;':"~- ~ _. _~ "'. <.-~. ~ -
'.:', '[' if(. '.' .' .... • . .... ~ '"'ii"' ....... 
',(~7J:. ; ..... e= e'+~ .;; <: : ~ __ "H' 

Then Jorlijnited fluctuations'~ .~~ ;the:tempetatu're 9~: , the fluctuat:ions'~' 
of the viscosity 11 are l1m.i,ted also, and we-may assume that: 

'[38] [ ~ = a ~ 
. Such assumption seems to be valid" for1nstance, in the case 

iii . ' .. ' 
of air for fluctuations 9 of temperature of magnitude phls: or minus a 

hundred d~grees" and tla" .is nearly cons tant, its dependenc,eon 9 being 

very small tor differences of hundreds of degrees. 

. .. / ~ ." .. 



With this assumption the right hand sides of thestatlstical 

equations of motion for a newtonian gas [34] reads: 

[39] _ 

( ) .- ~p * cl'{x M 0 OVp 
:J) PVa =PXa-_+M - +--(-) 

- ~Xa: ~Xpo.'(p 30Xo.OXp. 

+ oM C~va + ~'l3 ) _ ~ oM ~v(3-
OX" oX ~ 0 Xa: 3 oXa oXp 

_ [ * .02V~. ~o'~ OVe) 
+ a _ e cJ~p 9Xt3 +3"oXa- oXp -

. + o~-(~Va~OV{2.) _2 o~ ~-VD]-.- ..... 
.. -- oXp OX~ -oXa - --_ 3 oXel oXW -

The £0110,,111ng additional term! - . 

being usually negligible. . 

3 .. -3~ .. _ STATI5TICALEQUATI0NS Q,FHO'.Q..ON FOR A FLUID RELATIVE TO ACONSTM(l' _-
, . . 

- . -

ROTATION COORDINATE SYSTEM.;;"-
-

If the coordinate system is rotating with a _ constant angu,l_sr-

v.elQcity whose - Xy component is 4>y It '( being_here the' :mnningindex_ . 
--- -_. " --- - --

1. 2,. 3, the CorioUs force associated is eQl.1al to minus twice the vector_ 

product: of the ~ngular velocity l.llld-the. relat-ive v~16city. ItscOU'ipOri~nts . 
, '. ::-\.' .' .,"- . . - . 

are (11) (r~h.s~) 

[~o] 
[

c. - -- in directions a. -a-

~a· '(. being the antisymmetrical unit tensor • . p . 

Then the components of Coriolis force are (r.h.s o ): 

c1 = 2 ~113'( w'( PVp = - 2(W2 PV3 - W3 PV2 } 

C2 = 2 ~p'( w'( PV
13 

=_2 (W3 PVi - Wi PV3) 

G3 = 2 ~313)' w'( PV13 =- - 2 (Wi PV2 ~ W2 PV1 ) 

.. • 1_ .;- .0 
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The mean value of Coriolis force is: 

[ 
Thus, in general,there is a contribution of the effects of turbulen~e to 

the mean Coriolia force. 

Let -Ja be the ~component of the centrifugal acceleration due 

to the rotation of the cooJ:'dinate sysfem.This must be-added also .. it is 

non-random; and the mea1l value Ofth~~ corre~pundirig force component is : 

(~2] [ 
-

-~ p;ra.~ ;; ~~'-h~~-
.The statistic~l equations 91:~motlon ~fora compressible turbulent 

fluid relative to'il coordinate system in constant rotafion can be written 

[27] [~1] (4 2] 

~3) 

. . 

Inthe case of movement relative to apltl,net, ·for ~x8.mplethe 

Earth ~ it' is usual"to combine the centrifugal forc~ _ PJa- andt. he 
, 0 

newtonian attr~ction by ,the planet~into the grayity ,forc~ P.9a PXa 
are the oth~r external forces components. The right hl,mdside ofe 

equation [43] of motion for a compressible turbulent fluid relative 

to ~planet may then be written : 



IV. -STATISTICAL EQUATIONS 

OF ENERGY FOR A GAS.-

4.1.- STATISTIC~EQUAT!ON FOR INTE~D KINETIC ENERGY FOR A GAS.-

Let .us consider the total-,intemal .and kinetic energy of a_ 

gas, per unit mass : 
e + ~Va~ 

We shall make the usual.assuil:lptiort elist Clie internal energy 

per unit tnas~. e -" is independent oi themo~ement a~d depends only .on 

the-sta~e -of 1:t;e g~s: Also, ~e -shall limit our consideration-· to the -

cas-e cfa gas for which mass is conserved so that :-

- [45] C/J){P) :0-
-The ·-fundam@ntal principle of--cpnservatiQn of energy may be 

expr~ssed by the notion of b~ianc~in_--the volumaCIr ) ,witb 
,-- - - .-

.. thecon~ribution of sources and of molecular 

diffusion cor res-pond ingto =_ 

t\le- rate at which work is.,b~ing done on-the fluid by eJ,ternal • 

-fo~~es PXa 
-1=PX V dQ - a a 

Q - .-
.- -

the rate at which t'ilodc. is being done on the fluid by the 

S~rfa~emOlecUlar stresse~'Par3_ - ___ - ._ ... - _ _ 

·lTlaplll"ada =k O~IlTlai3 "a dQ .. 
the rate - h{3 at which heat is being_conducted across the 

surface A into the fluid by molecular diffusion 

f h e~ dcr := 1- oho dn 
~ ~ _ Q oX~ 

and the ~ate ;0 (q) at which heat is radiated or absorbed by 

the fluid: 

The transformations of the surface integrals into volume integrals are made 



- '20 ... 
i 

the assumption 'of differentiability in space of Pa (3 V C( and h p 

Since the halance is valid for elementary volume d' Q II we may use 

equation [19 J and ~1rite : 

(46] 

This is the'!llstantaneous equation of internal and kinetic energy for. a gas. 

,'.~ 

Let; us. separate g -into E ',Ii. the macroscopic internal ,~nergy II 

and ~ tth;'fluctu~tion' 

with 

'Now , . . ' 

~. ii 
'fr;=:E'" 

'[Li~8] . [ 1 V- v _'1-" V 'y-+ y~. ·~.1~. l '.~ -
2 a. a - 2 -C(. a ,.,. a C( 2a a. 

- - - . - - . - ~ - .. - - -- -,-

Using .. [4o} 'arnf the expression , [22]. with . g,~ ei-i Va 'tc ' . orusl~g 
'., the-statistical .eqWl~ion ,of balance [16] dir~ctly;:i.th for instance' 

~!II . !II. * 
. 1"::' .... E 1 V "\r 

l ,= . +"2 . a va' 

.~' . '* .. ~ !II ' 1-~'!II 
Y . '=', e +Ya Va + 2" Va VeL 

, we,obtair. a statj.stkalequat,ion of balance for the internal and kinetic 

[50] 

t-lith the direct averaging process t this equation is obtained 'tirithout recourse 

to the assumption of differ~i.abiUty in space of p~ Va and h p ' .. t but 

only of ~a13Va and of hp (2.2.)." p, .. ~/.~~ 



4.2.- INSTANTANEOUS EQUATIONS OF INTERNAL ENERGY !I ,ENTHALPY I! ENTROPY. AND 

STATE FOR A GAS.-

Let us recall briefly the classic instantaneous equations of 

energy and sta~efor a 'gas (13) .. ", 

~.:.g.:.!.:. The termsofihe three instantaneous equations of 

motion [26J are multiplied by Va. t-lith summation we have the kinetic 

en~rgy equst,ion.= -:.--

. -.•. -.. t~11- ti;* (Va Va) ~p XaYa : Va ~~~ Ii . 
- , --,' - . - ,- p 

Sul?stractin& thi~ from--the equation of total internal and 
" ' 

~lU?etic:. energy [46J ' , ,V'e have the instantaneous internal ~nergy equ,tltion ; 

1521 
. - -

-- 4.2.2~' To exp,re, ss the diss'ipation,of," kinetic energy as,'heat-., -...... -

Whe.neve.r s!l1(il1 cha,ngesof state occur ,be the gas at. rest or in tno.ti~!lt 

• the . (lnergy ,d'q per unit mass th~t has to be 'suppll,ed as heat to provide 

fo~.these changes is given by 

·[531· ~[dq = d e ... pd(~) 
The rate' Eel' untt volume (13) at l>lhich heat mu~.t be -absorbed by the fluid 

-may be written : 

But P 1'1 d (1 ') "P d p __ 11 0 V~ 
r"".ITt -p = - -p' --.r7"" r ~ 

u ~ u t . OX~ 
tdth[17] 

Then tdth [53] 

... / ... 



This Shat-13 that $ in addition to heat gained by conduction and radiation~ 

an amount measm·ed by ( 13.p. 54 ) : 

[54] L~ = Va p ~~~. + Jl ~;~'" 
per unit v'ol'l..ime and time is gm1cratcdinthe element at, the., e:tpense of 

othel: forms of energy .. 'f> is the Rayleigh's dissipation function. 

The inst:antaneous equatlonof internal energy for a gas_ 

with dissipation is: 
.... - '-

. _[5 -5J. [. pd.e .- i.~ _~o VQ . +oh & " + p(. '-) 
d t . 'YP oX~- OXp-". q 

. ~!.~.:;~!. -Xn the case of a'net<1tonian gas, tV'e sh~nuse the 
::-''';:--

relation [30] .. {or Pa p and Fourier's linear- relation bett-leenheat. 

flux and temperature gradient·. 

h -K oe 
f3""0Xp .. 

, k is the thermal conductivity, \l1hich is dependent ·-on temperature ,- e·; Then 

I -~-

but 

naOVa. = 1 
P OXp 2 

and thus : 

[57] 

l~e ~quation of internal energy for-a newtonian gas reads: 



1.:.~.:.~.:. This equation ,may also be expressediti;ali:emative 

forms,. using either enthalpy or ent ropy . S per unit mass. where : 

[59] i = e+l 
, p , 

ads::: de + p d~pyi 

ass.umingthat _ for a gas ilimotion, the temperatur~ cootinuest:o possess' 

th~pl'opertytbat ", ~ 'is an integrating factor for thebSt e~pression~' ' 

Then [171- ' ': .. 

p lI.:: p de +_dp __ l..dp: =p k+ dp + povp-
dt _ TI ,d t pTI d~t dtoXl.f " 

d - d' - , oV .. 
. p a-=.§..= p~ + p~ 
, . d t- dt OX~ " 

TherefoTe. ( 13 J p. 55) . the etlergy equation in terms of enthalpy is:·· 

_ . [611 -[" P d--, =-''1>_+ iE- +oh~ + :D( q) 
. d t . " i:I t 0 X.

1
3 

In cerms of entropy, it is : 

[ Pa ds ='1> + 0 h ~ + J) ( q) 
, dt - ,ox~ 

In 'the case 'of a non turbulent. net1toniall gas ~ that satisfies [56] ,@d 

tl1ithout any radiation effect ,dividh,lg by 9 andh'l.tegrating throughout

the ;.nterior of a closed surface C moving 'idth the fluid, d C belngthe: 

element of surface, and d-z of the enclosed volume. C;, one see that f 

j pJli. d C; =I~ d Z; +{1. ~(k~) d Z; 
1: d t ' . ~ a z e OX1' oX 13 

Since the quantity of mass contained in the volume l; is conserved, in 

accordance with [17) we have : 

e 4 ./ .... 



tr.ans£Olrroing the second integral on the t'"h.s. into a surface 

integral Olver C : 

;'1£ the fluid iscompl.ci·t~ly enclosed iri$.i4'ehe~at:<J~nsulating 
. .' :. ,':" . - " ':- -:- ~ '-. '-. 

boundaries ~ "lith which Ccoincides, the surfac·e·.i~tegral 1s than zeroJ' 

.. represel~ting the absenc.e of.fl't.iJ4; of heat thr;~ghthatsl'rf~ce. ' .. ' 
. ,~ ": "-; :~-~;' ~. -,'. . ~~. 

" .' ·'·..·~ince 'the ,dissi~atio~':;~,.iS neve~ne:gativ.e·, Xii ~3 0 

3AJ 2 p.2: O}~ the. voiu~ei~tegra1sare never negative .if k?!. q~ 
'Thust:l!e entropY of the 'entir~iluid must notde~reas~~ '"hleh is in .::. !!/;; 

~c'~~rd~;ith the ass:ertions ~f '~h.~ second law ·~{thermod;Uillnies. (13 .p;~'56j·} 
.1: 

The aefinitions:c.>'f tlHlf?pecif~c, .~eats,~v at constant:' 

. volume and C at con·st~ri.tten1peratu:te. being>::: : . p 

[63]' 

" . {6i~l, 

1·,· ' 
-~ [ 

. 

·Je' - c· :da 
''--v'.···'' 

d i. = cp.~d~. .. ' ., 

fora perfect gas. CV , and C'P. are both functions of the' t;,emperature 

only. The equations of energy' [55] [61] Ir .in terms of temperature • 

. then read 

. [65}., 

And in the usual cases where Fourier's relation [56] is valid (l3.p.57): 

[67] [p CV~ = 'P - 'P ~ + ~ (k oe ) + ;0 (q) 
. d t OX~ OXp OX'(3 " 

[68] [ Pep k:: 'P + it + ~ ( k ~) + l) ( q ) 
. dt dt oXp C>Xj3 

'P being given by [57] for a newtonlangas. 

. ... / .... 



). 

4.2.6. The ,thennaLequation of state.» which gives a relation between 

p, P and' e is, in the case of perfect gas in' mean motion or at rest : 

[69] [, 

where",! l Jl=. ~, 
W'eighf,ofth~' gas ; 

R is an absol,ute constant snd,m is the molecular 

and 

[70);; [ .:R, =Cp - Cv 
,',!or usual gases on~ roakc.s'tll'eassUmpt iOn that these relations 

~re valid. Tnedeparture from'a"perfect gas is n~gngible(13).'for 
the air ,'{flith y, = ~:: 16 4 ' 

Cv 
, ' . 

4;3. -STATISTICAL EguATION FOR TNTEJ~El\L ENERGY OF A GAS ... · 

, • C Using the'~nst'8~t:anco~s~eqUation [55] [4 7] ~?] .' . and a\Teragin~ 
W~ 9b~ain a, stat:istic.al equation for internal energy cfa gas !. 

, t 

'" ,*. .. 

'-p D~D --p" ~ .. jT1ioVt3 p * oE _ . __ +_. e ... e. + v~ __ , _ 
DtDtDXt3 oX~ 

,- .~ o-{7-f3 o~p~ 0 (_. ' ~) 
:: 'P - P-'. - -P-. +- hp _Pev~ + 

, OXp OX{3 OX~ ", ' I'-' 
D{q) 

. with the. mean dissipation" 

In the. case ('/fa C0111UlOn gas t the relations [56] 4nd [30] [57] 
may be. used for h 13 and ~ : 

[73] [ 
... / ... 
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An~: in the-~ases \vhen assumpt.iO~ [3~81- is valid , " , ' _*, _.~ 
" . .~. 1 M n ~ '2 ~~Vd O~(3' a (rn- ,~ . '_'2 ~_o."a "oVp ) , 

(76)" 
, - 2" a{3 a(3 -"3 .oXa oXp + C(~ ap.3 oXa~X{3 ~' 

4.4. --'STATlSTIC1~.L EQUAT,ION OF..:..STATh ?Ult ~PERFECTdAS.-

-'The t:hel~al _equation of state-[69] is .~'. 

[13= JlP(e+~) 
The statfstical equation of state for a perfect gas reads,:' 

_"o_) • : 

. ". . -. 

~~STATISTICAL EQUATIvN OF ENT1iA:.LPY FOR A GAS ~.;; , 

The enthalwl per unit mass m~ be decomposed into a 

macroscopic enthalpy I and a fluctust ion i such that : 

[79J [. ii = i+ i with .(so]i = i " 
Using the instantaneous equation [61] and [22] we have astatlStical 

equation of enthalpy for a gas 

... /' ... 



[81] 

_ *I!f ~ li ¥ 
P 01 +JL Pi +PI 

ot Dt 

-. 
+ pVp 

* 01 = oX13 

_. " -

4 :6. - STATISTICAL, RQUATION OF' HEAT T~.NSFlm FOR A GAS .- ',' 

',The heat cO~duct~Vityk , and the specific heats Cv or Cp , 
of a common gas, 'V~hich arc dependent on temperature, maybe s'eparated' 

into macroscopic teJ:1nS,K' ~uld Cv :, or _ 'Cp , and tt:frbUlentfl~ctuat1iofi;'k 
,lit liIf 

atui 'C
V
' orcp , respectively such that : 

[821 [ .... - k 3S . 
-

[83J T' ~.' '~" 

-!(:K 

Variations of the Prandlt number~l}, = tL cl-
heats with temperature are (15) of a lower order 

of the viscosity. and thermal conductivity. Then, 

audof the. sp~cific I 

of magnitude than those 

'* safar as fluctuations tL 
~ . , 

and k· are concerned, ~le may ret~in the assufaptionsof constant Prandl~ 
• < .- < - • -'" - - , 

number and specific heat, and the thermal conductivi~y must vary ~lith 

temperature in the same 'tvay as the viscosity: 
-:if !If 

J:l:.ai 
~ K 

An assumption analogous 
lit 

to that made for 11 
!I( * for k , for limited fluctuations of 9 

with 

[38] can therefore be made 

b dk 
=19 

... / . ... 



- 2tl ... 

If the fluctuations of specific heats are negligible, with 

l6 5] ks~ [22] and averaging, we have : 

[85]' 

.. . . 'II.' 51! .. _. .. . . 

.. . ' If tIre fluctuati0rts-C v -; C.p . are ~()tneg1igible, _an assumption· 

like [3 8J .CfAn be made again. but in addition for limitedflucty.at.:i:0.!lS.of .• '. 
,~ . 

temperature e t'lC may as'sume that_tlle aeriva.tlves 

.. . [ d ra7] . ~:: (i
V

" L' ... d ..... . 
s 

. ... d ;- .' . 
. ~.;'(J.' 
. d~e '. P 

are constant in usual ~ases. Then: 

~J [ ~ lSI III * l8e .'. Cv~Cv+CIve Cp=CpiCIpe 

. In thegene~a; cas~ the ~quatlons of ~eat t~a~sfer [<s-SL[66} . ,..._.- ,. , "_.-

Now 

'!I' ~"** ltlt .. 
P ~ de _ P e De P e v ~ crr-- 0 t + P OXp . ' ... / ... 



Hith [65] [66] and averaging. we obtain statistical equations 

of heat transfer for a turbulent compressible gas: 
. !if ... . 

C V [p 00 +_iL P 3 + P~l3 00 + p ~ oVp .... +.2- P ~~ (l 1 
Ol TIl- oXp OX(3~Xp;. J-.I . 

[89] 

* . . . :'.' ..... . 

[ 
* _.- ~ov . ~2~ ~ ** --:-::*-::'!~- ~·*-i·· 

+<1 iJLp~2 +1-pe
2
. ~ ... l3 +.!...L P e .vn.+Pe 00 +Pe vn,~ .. : 

V 20t . 20X}3 20Xp ;tJ-Ot--tJ-OXP. 

[90] 

. 'f> is given by [72], for ~<newtonian gas by[7.4] • and with the--

assumPti~n [38] by [76] .- Also for a comm~n gas h_p _ is given by[S6] J 

and ~ltth the assumption [84] : . -_ 
. . 

[91] L:~,; oox~ [~;x~ + b (~g~; +~g~p)J 
4.7. - STATISTICA!o3 E9.[ATION_ OF KINETIC .EmgtGY FO&T~~.C MOVE11ENl 

OF A FLUID.",: 

If the terms of the three statistical equations of motion for 

a compressible turbulent fluid [27J are multiplied by ~ , with 

summation. \4e have with [45} . : It· ~ 
. _ 'II( ~ * * *,- ~ ~ ov:... . ~ ~ o~ 
~ p~(~ 'h) +\h -.!L Pv +YaPVn. ~+Va PVa 13_ 
2 Dt Dt 0:. tJ OXt3 OXp - ~ 

PXv: 0 [",~r (-- 11. * )j .(_lIt "It ) oVa = aa+oxp va Pap-PVaVp - llap-PVaVp oXp 
-------~- "-~,~-.'-



The equation of Id.netic energy for the I!l8CrOScopic movement of a fluid 

may be t-lritten wltkO'i): 

[92J 

so 30 ... 

~ 
~. [72Ji5- the part~of~~· ~.. correspondj:ng to -the mean dis~ip~tion as 

.•.. .. - .... lIE 

he~at ~au~edby molecul~r friction in the macro$c~pic motion Va -
lit 

In the case of a newtonian gas ,.m.is given by (741 and 

. t"nh- [30} ...:. 

t9.3].-:[ k.(V;.dPEU~.}~~OO- . [Va { ]l+~~~)j +o~ u(t ~nap) . ..._ OXp .. _ . ~ ._x~ .. _. r ·.p . .. 
- - - - "-'" -

. 4. 8. -_. STATISTIQ!~L EQUATION -6F---b~TE'RNAL -ANOTURBULENT KINETIC. ENERGY . 

FOR·A GAS ... 

.. --Substractitig thetertnS of [92] irOl.1i those of the statistical 

equatiori [sol ofinternalatldkirietie _en~rgy;J weobtaln a statistical 

·eql1~tion ,for "internal and turbulen~ kinetic-energy· for a gas : 

.. ,,/ ... 



!+ •• 9 • "':. .?~rATISTICAL EQ.UATl..ONnOF TURBU,!..ENT KINETIC j:NERGY FOIL}, GAS.

Substracting now the terms of the statistical equation [71] of 

internal energy, from ~hose of equation [94} ,tva, obtain a statistical 

equation of turbulent kinetic energy for-a gas 
: ;" ... ~ '.!. ~ , 

with: 

•••..• [.9' 6].[ $ - Va fl~~ 
... ...-p 

., .. ~ .. ',. 
oV' 

+.PW" 
'~~lhlch is--the part off [72T : cotr~6ponding' to' the mearidisslpat{on:'

c

;; 

. _ as heat~aused 'hymolecular fricti:~ ;'n the' fluctuations. ~J3 of' the ~ . 

, . velocities;:-

, .~ 

in the case of- a newtoniangas.'P is ' given~Yl7.~]and 

1"n the casewhenass~ption [38] • :is valid 1::1[76] 

"'. , . - . 

.4.J,o~ - INSTA-NTANEQUSAND- STA1ISTI.CALEQ!JAi1~. OF T01Ak ~lL~LPYL.bBq ~ . 

.IQIAI .. TEH~RAtuRE ~f..QR AGA,S.-. 

A total enthalpy iT per unit mass of the gas maybe defined by 

[97] [ .• '.iT:}+! VN~= e + l ,+.1. VNV", 
. 2 \A \A p' 2 \"\."" 

Let us separate the pressure p from the molecular stress 

components : 

(98] [ 

• •• /. $ • 'I) 



... 32 ... 

. ' .. 

fa p being the molecular frictio~ stress .::omponents. ten&~~f, 
: ":.,' . 

, ,"The instantaneous equation [46] , 'of internal aridkineti~ ''enel'g 

may be ~~rii:t~n 

But 

.. so that 

(102J .. o~~(pvcr);' p/t(!} -~ 
Equation [991 becomes thus the inst~ntaneous equation of t'otsl enthalpjl 

( 16~p. 331 ) : 

[103J [.p ;~~ P><UVcr+Ii~13(fcr!lV cr+ h13)+~t .1>(q ) 

, .. ' ft 
If now t.reconsiderthe macroscopic ,total enthalpy' I . and the 

1:- • ". . ,. . ,.... T" 
fluctuations iT of ~otal e[lthalpy: ' 

[10~] such that 

He obtain, with [22J (1 O~] and averaging, a statistical equation of total 

enthalpy for a gas : 

[1 OS] 



For a common gas hj3 is given by [56J and, with the ne't-ltonia.n relation, 

~06] [ 

Also, by addition of the terms of the statistical equation (811 of 

enthalpy and [92] of kinetic energy of the macroscopic movement we have 

The equation of, t~tal 'e~thalp~[1qSJmaYb~also conS:ideied in " 

'terms of total temperatu.re e
T 

- defl~edby : 

[1 08 J [ C P d aT = d IT _.tp d a + d (1 Va Va) 
,. 

and then reads :., 

~091 [ P tp ~~T = p&= PVu~~ :t ~il~ll UUllVU + hll) • .1:l(q) 
, - .' ~ 

Let us separate 9T into a macroscopic total temperatureE)r 
. ~ 

~ and a fluctuation 9 i' of total temperature 

[110J [ such that 

Avera:gi.ng [109J and with [22J in the case t>Jhc-m the fluct~at1ons ~p 
are negligible, we obtain a statistical equation of total temperature for· 

a gas : 

., .. / ... 



[111] 

'. . . ; , 

If the effects of fluctuations of specific heat arc not negligible. the 
,: ~ .' . . , 

equa~ion [1 ()5] , in terms of total enthalpy, will be used' 

in the case of motion relatiVe t't:> !lcoordinate system in 

constantrotat.iotltJ'( ,.the'·rud.~'of ~1hiChis fixed" "Ie have tC~. consider 

the rate of "lark made by the coriolisforce~I.41] \,Jhich ·teads. t" 
". ~ .. 

[ .. 2 CctPy WyPVC(",° 

This term is null ·becauset.he Coriolis' forc~ is orthogonnl to 'the ;-elative' 

velocity • and ther~fore itSl>10rlt in that movement is n~lL role must als~ 
consider the mean rate of work made by the centrifugal10rce due to the 

. rotation :' 

vhich, in ,the case of a mbvement "relative t()a- plaJle.t~~ ls- combined\-1i:h 0" 

the newtonian attraction into the' gravity. The ra~e of ... ·work of gravltyis :-

'. C 9ctPVa :: ,g.a(PVa +P~a)·.. u • 

The terms relative to the rate of work in the macroscopic motion 

has to be added into the equations [92J [5 ~ [10 SlB 0 ~ B 11] . 

[ - Ja P Va or 90. P~ and X~ replacln~ Xc! 
The_terms relative to the other, part of the rate of work.; Le. 

in the fluc'tu'ations of velOCities, has to' be:added into the equations [9 5] &4]' 
r501r10~[111] "_ _ i ,;., ' 

- ~... L -Ja p1a' or 90. P~a. and X~ replacing Xa. 



V. - STATISTICAL EQUATIONS OF A COMPRESSIBLE GAS 

BY HETHOD "A" .1 , 

=:::::::====.:;.==== 

5.1. - HAI..!ROSCOPIC QUANTITIES BY HI~THOD "An ._ i~ 

~'F{)llOtV'ing. fora compressible gas II. theprocedute' used 
. -,', '.' ' 

for an incompressible gas l different authors, (5) . (6) (7) have used the 

definitions of the macroscopic quanti,ties shch that they are each equa~ 
to ,the mean' value of~hecfl.laniity involved' 

[11~ " [ 
, , 

, '. 

{leshall' except '1 " ,,: 
. 

. A A 
Stich:that,~ ,',r:: r--

and call this procedure the method utAvr~ , 
- ,: - .~ 

"Then thefollowini Jefillitions ar'~tised (6) 

, -
Va = Va+ V'i ' V II, 0 

a ==> a,= 

P ::: P + P" 
--;, 

0 ~' 'p = 

[11~J p p + p" '~ pI/=. 0 ::: 

-
+ e" => e" := 0 e = e 

A 
0(') Dt) _ a() 

'+ Vp 15t -at ox~ 

5.2. - TIlE STATISTICAL EQQATIClliSOF U~,{J..mT,HOD U Au .... 

With these definitions [113] 1/ [11~] and the preceding general 

'-equations, m~ obtain the statistical equations for a compressible turbulent 

gas by method nAte. 



... 30 -

The statistical equation [13] or [1 ~J 
. ~ , 

for balariceof mas~ 

reads in the well-kncnm equivalent forms' ( . 6. p. 82 ) 

[115J 

correspondirtgt.o the mean mass ' 

flux due 'to,turbulent ~ffects; and related to, correlation bett'1~efi density 

and vel'oc It'y. 

2.:.~:.~:.The 'statistica.1 e~quation [16] for balance of a transferable 

qU21)tityP'( ,:J 'with massl;~lance~reads ::·i·.· 

>: ~e~+e ~ + p/V" ~~ +P ~ovp',+~p ~ V" +rcD(pJ= 
[116] .. Dt ot . P oXp OXpoX~ ,~.. " . 

.. J:j (py) 

~'lherc againthsl.'e are three terms at least:: included in the m.eanmass flul( 

due to turbulence. 

In th~ ca~e of an1ncomp~ess1blefluid. aQ.(l when 

an equivalent eqlJ~t1()n is given by ItINZE 1 .1_ p. i5)., 

A , y=o 

~::.3:.~.:. 'The s;atist.ical equations [27]of motion for~fluid read : 

'p ~'tva + ~. p"v" + P"V" ova. + pltv" OVp ," 
n E Dt a. Pox pC( OXp 

[117] 
+-LP v~ V~ + va. J)(p)= PXa +~ (fa~)~ op: rl)(p'{x) 

,OX{3 1-"" oXp t-' OXa. 
Using these' equations. with Xa = 0 • :D(p)=O and the equation [115] 

, . . 

II .. 

of mass, one fin~ the equations given by SCRUBAUER and TCHEN ( 6, p. 82 ). 

Each of the three equations have five terms including the mean turbulent 

masS flux. 

. .. / ..... 



.. For a newtonian gas, with the assumption [38J which in· the 

present case may be. interpreted as implying: 

. [11 ~ [ \l = \l + a s' 

the relation [39J gives : 

[119J+~ (~+~)-~ :cr .. ~.a[e"o~;~~1> +~" !a( ~~~) .•.. 
~ o.e" ( ()V(i + oVa )_ 2. 09" ~"1l.]_ .. --. 

OXp OXlJ oXa- 3 OX~ xp _ 

... -The -addit.ional -terms _ 
- . . ---="O~II"""': 

_.-- -~ [911( O . . va ~+ OVp ).]_1. oa'e" .... V .. P_ 
.. . OXp ~ OX-p OXa.· 3 (JXa . OXt} 

are usually negligible.. - . --

The statistical equations [~3] of motion fora fluid relative 

_ to. a constant rotation coordinate system read, : 

_~20]_ 

In the case of motion relative to a planet the right hand side 

. reads : 

[ 



One term in each equation includes p" V" . II in the Coriolis force~ U. 

'nle statistical equation [92J of kinetic energy for the· 

macroscopic motion reads : 

~22] . 

with: 

. . 
. . 

and for a net>1tonlan gas : 

[12~] . 

and with the assumption [118J: - . 
- -

[125J·· [ lL II (ncr .,)2_ 3.[1 (IlVn )2. a [~ n~fl ncr .,_1.. e" IlVa ~~fl] 
- A 2 t-' 3 0 Xu 2 J-.I 3 0 XC( U x 13. _ 

Using these expressions, with XC( ::0:: a ,and the equation' of mass [115] ... , 
one firuB the' equations given by SCHUBAUER and TCHEN - (6, p .. 83). 

~.:.~:.~.:. The statistical equation [8~] [86J· of heat transfer Ii 

in the case of variable but non-turbulent specific heats, reads : . 

[126] , 



, (127] 

ovp 
OXp 

Vii of'' + oh@ +ZJ (q,) 
~ oX13 oXp,. ,,' , 

. ' :-

When the specific heat C F !s constant and the heatcond~ctivity, and " 

viscos.ity are variable but: non-turbulent~, and using the _,equations [12 7] 
[115J [sin ,one finds the equation given >by S~HUBAUER and TCHEN (6 it Il~ 85)3 

If tbe fluctua\:tonsofCVaua ,C p are not-neglIgIble, with 
. the a8sumpt.i~m [88], we ,llave: 

,[128] '" 

~30J 

because -;; 'Q 8--=." " 

. ,In that 'lllor~ general case ,the equations [89J [90] 'of heat 

c( P 59 + ~ p~/e/+ P"V,; oe + pile'; oVp+ -L P env-': ) 
v' Dt Dt , 'f3 oXp oXp oxp J3 

+ a (1- ~ Pe"2 +i.Pe,;2 oVp +.1. -L Pe'12 Vi' + p'e" ee 
v 2 D t 2 0 Xp 2 0 X P f3 . 0 t 

+ Pe'v" oe )=.P_p 'OYp_ pi' ova +oflQ~;n, Cq) 
p oX13 ()X!30~!3 ' OX~l" ' " 

(

A A _ -- - oVn, ,~,,), 
c p De +JL P"'e"+ p'IV" , 69 + pile" _'tJ_ + _V_, _" Pe"v" 
P Dt Dt f3 O)(~ OXp ()Xp P 

+ a (.1- ~ Pe"2 +1. Perl2 oV13 +1. ~ Pe/2y" '>fop'en ~e 
P 2 Dt 2 ~ 2 ()Xp 13 Dt 

+ P e'ly" 09 ) = 'i> + ~ P + y" op" + ohp + J) (q ) 
13 oXp 0 t 13 0 Xp 0 X P 

•• • 1--
--,-=---~---

:t the second term ~etltJeen brackets of r.h.s. bCing-C;P'Uj T 



.. 40 .... 

The assumptions [56] [84] give: 

~31J . [. k = k + b aq 
because 9"-0 

Then: 

[132] 

'{) is given 'by [72] [7-4] t _and "'1ith-the assumption [118J by : 

~ == :m. + 'P" 
_ A __ - -. _ _ 

'P" =l:. n"2~ 2.p. (OV~ )2+ a (attn '. n,1 _ :Lev OVa oVp )-_ 
_ 2 a ~ 3 - 0 xa a p a f3 3 0 XC( 0 Xp -

using for -~A .the --cl{pressicm [125]' .. -

~:.~:.§~ Thc-statistical--equati~nT95] of turbulent kinetic, 

energy for a gas p - reads _:-. 

A ~. A_' 
_ D·1.PV" V"-P"V'/ OVa 1 PV"V" oV~= 
-Ot T aa + - a l51:- 'fo~ a-a _ oXp 

, 
In the case ofincompressJble·fluid·this equation gives the 

_well-kuOtm turbulence energy equ'ation .(l,P- 65).' 

constant 

~:.~.:.Z.:. In the c:asf:! when the specific heats Cv and C~are 

[135] [ 

~ . .. / ... 



let us put B12] : 

[136] 

e=e+e" 

e"_ c e'" -v 

.' -;- '" '=1+1 ==> 
-:- - t' 
r = cp e + C 

. " 
I =C p9

'1 
, 

The statistical equations become: ' 

. ", .- fat' interna,land Id!M~elc energy tl1ithl4 9] [50] and 

A .A· A __ ., A. 

y= r +y~.r~_e + ~ 'laVa y = e'" ... 'laVa + '~ vci v~ 

, .. 

P B ('-e 1-vtr)· ~ (;p'le lf V pI/v" 1: PV" V"' ) '. ' '-' - ... - a '-a ... ,- ... a a + -, a a D-t ,,2 ',' Dt ,.2 " _ .'. 

[137J 
, , pO V'I .0, (e "~ vv) (p"e U iT pl/V" + 1. P Vi' VI') OVp_ 

+ {3 OXp +2" aa + +a a2 a a OXp.-

--PXo}a + P><UV& + ~( h Va+hnv~+bn-pe"v~" 
'. " o.XP j3 _ ..... ,.... ..... 

, v P,v' ""V'/i n v" VII. V',) 0 ,'(',Ti v TI,',II VII') J) (q') - -, a u,a - - i'"" a a- n - - ra+'r a T, 
. - , tJ_. 2. ," t-' , 0 Xu ."," _ ' " 

,-

fjl; internal energy' with [71] :_ 

A A ---:......;- -- _ - -- oV 
pOe- ". Dp"" p'/v" oe' ·p'!e" ~ -

. DE+ot e,,+ '13oxr3+ OXp-

. oV "0'1" -'" ... -' --. 
='P -p ~ -p"~ +_o_(hn _Pe"v~ } ... 1J(q) 

, '. oXp oXI3 0 Xp.... ' , ' ' 
. ..,.,-.. 

for state'[78J : 

r~ R (15 e +(Y' ell) , -

for €mthalpywith [81] : 
A..".. A -- __ "' .... _ 

pOI ... lLp"j'l ... pffV" vi +P"'j" 
TIt Dt 13 OX\3 

... -./ ... 



for internal and turbulent kinetic energy with [94] , or 
by addition of ~38J ~md~34] : 

A 

P ~e ~ (p"e" l' py" v.") pi/V" OVa p"V,i oe o l + 0 l + 2" a a. + a l.)f" + 13 '0 x P 

.. 42 ... 

1141] (P/--;;- 1. pV"V~/) OY@ PX V. I, 0 ([ v" h Pe"v" 
L + . e+T au O'tft = a a + OXp ap a + p - p 

~ ~ p v~ V~ Vp ) _ p V~ Vj3 ~;~ + ~ - ji ~~~ - O~1l p"Va ,: n-( q-'-) 

The total enthalpy in that ca~e is : 

Let us set 

then : 

[ iT =IT + i~ =;>i;=O 

iT :.-_- I 1 vV-· 1 V" V" . +--a C( + -0.0. 2 - - :2 

-
. '// ." - II 1 Vi' V" 1 ViI V" 
IT = I + Va Va + 2" a C( - T a· a 

The statistical equation [105] for tot~i enthalpy It with 

constallt Cp, reads: 

.... / .... 

I 
- ! 



. , 
~ .- ..... 

In the case when. 
CJ- :' 

Xa= 0 = 1) (q)=~. and ~dth themas~ balance [115J • 
ot 

this equation leads to the equation given by SCHUBAUER and TCHEN 

(6; p.86 ; eq. 6-43). 

Also with the statistical equation [1 07J. or by addit'ion of 

equat ions ~ 4 OJ of entha lpy and [122] of l{.inet ic energy of the mean mot ion. 

onc'finds : 

. " A ' - ',' A "_,_ A _._' _'~'~ .. _ ' 
-p 0 (,. '1VV)" 0 p"j"- V ' [J, pI/V'I' p'IV '1 "0. (i ., 1 V v._.) 

- . +- a a + - + a -, - C( +~ -- + - « C( o t 2, ' 0 l ", D t " tJ 0 Xp ,2' . 

The total temperature aT " when thes'pacific heat .. c'p is constant-~O,8] , . 

[97J [135J (6, p. 7(1) is given by .= 

[146] . [ Cp aT = iT+C t = cp e +~'ix Vo:- Cjl9: ~pe" +~Va vo:. Va V~-+ ~ v~ V~ • 
Let us put : 

The statistical equation [111J for total temp(~rature with constant 

specific heat Cp ~ reads : 

• •• /. e '* 



[1~8J 

O
A- A - --' 09 - 0V

e (p ~ +.lL p"e~ + p"l/" __ T_ + pIle; _.--lL 
p ot Dt l3 OXp OXp 

+ ~ P e~vp ) = P-XC( \( + p XC( Va + op_ 
oXf3. ,,' ,'. " 0 t 

+ o~ (rap va + ~t3V&+ hp ) + J)(q) 
, ' . 13,. " . 

... 44 ... 

, . 

Th;ls equation leads to the equation given by SQUIRE (6; p" 816 ; eq. 75) J 

for sla,,] mot ions, when ./' , ' 0-
. . - P"",O Xa ;:: 0 =. f..an =. JJ(q) =J:. ',,' ,i'-' .. ,' .. ot . 

~:.~.::.§.:. . 'In the, case. of'motlon~e'lative to coordinatJ;f s}7stem'

inconstantl'otation, with'a fixed axis, o~ relativ~ to apIa-net_the 

following tenn~ have' to beadded-to~he r.tf.~.of equations.:· 

- Jet; P Va or 
xC> .. 

eciu,~tions[122jB37J -- -_. 9a,PVC( arid ,replacing. X to . a a ~ .. 

0~41 [14S1Bt;8] 
--'-

g' pflV~ a~d 
'0 

X equat ions ~34JB3 7J _ Ja.P"V& or Xa replacing to a lJ . .. a , 
[14ij [1 4 4] B ~ ~ 

--'-
The term 9 . p" Vv: 

a .~. 
given by L.F. RICHARDSON (3) II (11) "reduce~ t.o,' . 

- 9 pI/v; ,when the' direction X3,'ls vertical' and fOrnls bas!callythe 

.~Ui.nerator of his turbUlence criterion". Itcorresponda to 

of turbulence by ~uoyancy. ' 

~.:.~.:.2.:. . It seems worthy to remark that "1ithth~ definitIon 

of the mean: motion used by method' "AU, it''is not very simple to consider 

the fluid e~closed by a surface moving at the mean ~elocity of-thefluld, 

because there is a mean flux of mass p" V~: due to turbulence ' through 

such a surface. 



VI.- STATISTICAL EQUATIONS 

OF A COl1PRESSIBLE GAS 

BY HETHOD "B" .... 

• 6.1 • - NACR,OSCOPIC Q,uANTIJIES, jJ'( 1:1,ETHOD "B~' .• e, 

6.1.1. The essential properties of a gas. at the continuum 

scale, are described by 

~ p V ~ ~ V V n II and . eli or 
. ~ -, 1) 2' 3' r 

and e ~;-eT}q ,,-5, ~ 

at: vari:ous space points xl x 2 x) asfuX\Etions oftixne t ~ 

It is necessary also to give definitions of the volume forces 
- - - - - . -". ~-

.. ~ Xa. II 6f the specific heats GV and C p ~ _bymeans-of_r:e~ations between e II 

~l. C V [63] , andi !' e II C 13 [6.t1J II and to_-specify the relattons· ~ 
between- the rate of strain and the at_ress fa. ~ @o] /5l9] , and between-

. the :flux of heat: and the temperature gradictit -[56} I ",lth definitions 

~~. of the parameter.:t l1.a~d k 

- -
The principles of mechanics-givel' for the~balance of mass one 

• relation[1 7J between P and Va. I> for the billance of momentum three

reiations[26] between P , Va. ' P ,and, Xall fqr3 ,for the balance.~ 
of ~ energy one relation [55] or [61] Det\-leen e orl.; P g Va II. P ,. 

fa!) ~~- ana heat flux by conduction and iadiatlo!lc.T1~iS relation may be

exp!'essed alsoi'Q terms of . e+ ~ Va Va. tt6] 1I_9r Ii [103J incl\ldin& 

also XC! 

The thermal equation of state [69]. gives one relation between p ~ II 

P and -9 • The balance of energy may also be expressed in ter,ms of e 
[65J or [6 6J II aT [109J II Sand e [62J II bet",een these terms II P 

Va II p II and Cv ' Cp , fa r3 9 h r3 ' .D (q) · 
The heat q and the internal energy are related by the first law 

of thennodyna~ics [53J , ... hieh permits definition of the dissipative effects 

as heat. The entropy S 1s introduced by the second law of thermodynamics 

[60] which leads to the assertion that the entropy of an isolated system 

must not decrease. 
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Then the fundamental relations given by mech8n"~,cs and thermo"'" 

dynamics determ~ne S< \·11t11 the boundm:y condit ions, the futld~ngntal 

properties of the fluid ... 

TIle choice of the most convenient fundmnental physical quanti

ties" and of the separation of these quantities into macroscopic,and 

fluctuating part.s has to be made, iu'orderto obtain the'simplest forms of 

the equations fQt mathematical treatment J,' for physical meaning, and for 

making ~asuremeuts. 

6.1.2.' The balapce equations nre obtained by observing the .------
'~fli£idwithin a fixed closed control surface At ~.yh1ch encloses a volume (Q ) 

of the space through tv111cll the' fluid flotvs. arid e4~pressing the budget 

tdthin that volume of the 'transportable quantities P Y ;, lvhich are 

extensive because of their d~penaence on the mass of the fluid •. 

Then, for a compressible fluid, in ~lhich the density P may be . 

var:l.ablc 9 it seems convenient to·retainthe transportable quantltlesP"Y 

.1W.r. ~mit'::"yol'l!rae,the' cont!:plvolume being constant •. i.e~ : 

P,P V C(" .1 P Va Va ! P e J P, i" P iT , -P s:." 
,'. ,2 '- ' ' 

To express the mass balance per unit volume II we shall retain 

the density P p or mass pe.r unit volume, which is already used as a, 

fundamental quantity. 

~ - .. , 

To express the momentum balance. per unit volume. we""shaH,retain 

as a fund~mentalquantitYll the mom~~ per u.n.~t volume PVa , instead of 

the, velocity vlhich is 'usuaUy emplQyed. TIlat choice seems to be the most 

convenient, lolhen the mass is variable» .for statistical fluid mechanics, as 

l;-1e11 as for quantum and for relati.vist mechanics (D.~1ASSIGNON; 17) (A. 

LICHNER<1.UCZj 20). Hhen the massie constant the choices of PVa or Va. 

as fundamental quantities are equivalent. 

To express the energy balance per unit volume, we shall retain 

as a fundamental quant ity, the internal energy per_unit v0lume P e . We 

may also retain the enthalpy ~ or the total enthalpy per unit volume» pi, 
or PIT 

... / ... 
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Th~ pressure is an intensive variable~which enters the' 

equations directiy [69] p or through gradients, associated.[46J,dth 

the velocity or independently [26J ;p: is directly measurable,. The pressure 
will . be, as usual, retained as a fundamental quantity. 

. . . 

The temperature is an intensive quantity wh1.ch 1s usually 
.' . 

retained as a fundamental quantity.' 110'\;1ever in the equation of state a 
is intrOduced associated with P ~ and. P ais extens:i.ve~Also. ,ire 
may notice that when the specific heats are variable and even turbulent 

tru;'!fl.e quantities" are less significant, and it seemS more convenient to 

use the .' enth-alpy or internal energy equations rather than' the temperature 

aquacions .• ,.]hen t:he specific heats are constant, the- enthalpy or the ' -

internal eil:ergy per unit volume are Cp P a 'or Cv P epl~s- ' 

constant$ B 3 ~ ~" ,?hich aree~tensive' quantities • 

. When the temperature is measured it is cOnvenient to 'retain e·-
. as' 3~ fundamental quantity. When the heat is measured lJ it seems more 

~-convenient to retain Peas -a fundamental quantity ~ . 

'Then we shall re~ain by method "Bn the following fund.ament:a~ 

physical quantitieS. : 

[ orP e ) P s . 

6.1.3. In'the general statistical equations (Chap. II, III •. 

IV) there are terroB c.ontaining macroscopic quantities "'Jhich have the fJame 

fonnas the corresponding tc·tms ,in the instantaneous equations. And there 

area-Iso additional terms representing the mean effects of turbu_lence,8. 

cOl~equence of nonlinearity in the averaging of the instantaneoUs 

equations, which include turbulent fluctuations. 

These ad-ditional terms are additional unknO'tlYlls quantities. 

Therefore the macroscopic properties are not completely determined by the 

equations because these additional terms are unknotqn. 

The problem of turbulence consists in the complete determina .. 

tion of such additional terms. 
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The additional unknown terms t-lhich appear in the equations of 

incompressible turbulent flet,1s, such as [1 6J : 

must be 

c) ** _. _ py Vp the diffusion of 
c)X~ 

retained, in general forms with P random. 

~ 
py by turbulence" 

Concerning- the other additional vnknor~ls terms _ ,{<Jle may lool" for 
.-
reduct ion If t~henpossiblel' with the help of the general equations If into the. 

sin1plest and most Significant forms. 

The statistical equations of mass [14J and of balance 061 
show that P enters into several tel.llls. :tve truly therefore retain the usual 

sep;;tration : 

•. ~soJ I -

p = P +. p' =>. p' cj-

These ~quations [1 ~J £16] 
. . 

shoo also that l:here are : 

. a mean flux of mas§ due to turbulence p~p 

.~ 

a-transport 

flux of maSS : 

of the macroscopic quantities r liy this 

~ .. 

~c)r· P V(l .. 
tJ C)X "., P -y 

.additionaLtransport terms involVing ". P V~ " 

\Je shall t.herefore use the follOt.Jing definitions (2 

macroscopic and fluctuating terms of 

eq. 12) (8) for the 

[151] 

. ~ .. / .... 
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. ; .,: 

in order to eliminate mean mass flu], due to turbulence. transportation 

by this flux, and all the corresponding terms of the equations. The 

macroscopic velocity will be named the mass-weighted mean velocity. 

These definitions allow consideration l-lithout special 

d-ifficulty of the fluid enclosed by a surface moving at the macroscopic 

""'" . velocity Va p because there is no mean mass flux due to turbulence 

through stich -8 surface • 

. These definitio~s are convenient also for turbulence measure~

ments-because in -hot-wire aneIIl()IOOtry ~ the quantities m~asijred at loW 
speeds are the fluct~tiori.s ofPVtt and of a _, ands.t SUp€H:sonicspeeds 

-the fluctuation~· .0·£ . PYa -a~d- of ~. quantity \-lhien is ve--Cyclose to the 

t.otat ·temperattl,1:e> aT (16, p. 176)., as has been sho1lmby S .. CORRSlN.c- (18), 

L~S!_KOVAS_ZNAY 09)p-and other-authors .. -

.In the statis~ical equation~ -~once~i~g .th~--illtemal- energy150] 

.17-1]. [9-4]. • tbere appear the additional·· terms : 
~ .. 

~>- lilt - liE·· () v. .- . 
.Q·Pe·+Pe····· @ ..... . 
1ft () X13 . 

- which do not exist in the case of incompressibleflOt-l, and_ whi~h.~y~be 

removed by the following definition of themacrc:>.scopic quantit:i:est9) 

..... [ 
--

Pe' =0 
[152J _. - ._.", 

pe ... P e· 
- - --#"V 

The macroscopic. internal energy per unit volume Pe is then the mean 

value of_ the internal energy per unit vohtme Pe. 

The statistical equatiO'iIls of state [78J, of motion [33], and 

of total enthalpy [10 7J ~ and the fact that 13 is directly measurable jo show 

that the usual separation is convenient "say :. 

(153J [ p = P .!- p' 1':: 0 

" . . 1 . .. $ 
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Concerning the temperature J tiThen the specific heats are 

constant : 

[135J 
we may use either the definitions by method nAn 

[ 
i"= c'a" p- ' 

or the follOwing ·definitioiis : 

., , 
e- = cve 
., , 
1-= C a p 

The me-thad using . ~, a" ,ls, more .convenient for, usual thetmaf measurements.; 

the meth_cKl using e, 9', permits' removal 6f additional unknown-, terms 

in theequation~j) and could he more convenient for caloricineasureme~t8.-
, -

tHth these defin:U: ions of fund§.tnent~l-mac:rosc~pic quantitie~ 

many additional unktlti'tYU nonlinear traIlsport tenus in the equations_are 

removed • Since the physicai interpretation of the- terms thus eliminated 

',', _ isnoe simple, the phYSical meaning of fhetermsremaining .in the' 

equations ·is clarified. 

,- "'" 
§:.!:.~:. The macroscopic quantities W or W ' and fluctuations 

,W " , or W J def ined by the different methods. weighted or not},)y the 

density: 

- II"', 
W=W+W=W+W 

[155] 

... / ... 



are related by 

[156] [ 
and by 

: 

W= '" -W + W' 

WI/=: W'_ W' 

w~w ---1':- '~p'2, V? 
- Pw W:p W 

'" 51 '" 

r ,pW being the_correlation coefficient between P 

Then, 

[159] 

- "- '-
VaElVa+V~ __ _ 

V" - Vi v' " a= a.- U 

..., -a-9 -e 

'p" ," _ W'-

-
..:...~ """ -; e 3 e+e -' "" -9 == -a +9' -, 
~TI --, _e ~ e'_ e' , 

wi t h _ 1 L rp L + 1 , w ' rpe Vp'2 Ve"2 , 

.P e 

rPe 
Jp'2 . Va"2 

P e 
""" Hhen the correlation coefficients r P Va r P e are null, and for 9 

when rPe is null, the methods "An _ and. "n"are equivalent. This is the 

case for incompressible flows. 
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Hhcn the relative errors of measurement of the macroscopic 
'" quantities W or Wequal or e~ceed the product of the correlation 

coefficient betvleen P and W by the intensities of turbulence of P 
........ 

and of W 

and W 

1I the methods "N' and tlW' give the same results. for W 

Since the method nUB gives simpler forms to the ,equations- ,1 

it seems to be more convenient • 

. Jh2. - . TIlE STATISTICAL, ~TIONS OF A.....QA~l. NETHOD "B".;, 

With the definitions-· 

=>- P": 0 

~ ",p Va./ p ==>. P-V~ =0 -

Q61J '" I e+e _ e =pe!i5 e --Pe''::'" 0 

. '=> p'-=O· _ .. -pi::: p'; ~ 1- if] 

"" .QLl =: 

Dt 

and II l:1ihen tIle specific he.atsare. cons tant It with 

e - e e" 
- + [162] 

. ==? 'e'(=O' 

. e-::;pe/p·· .. ' ==> . p e~= a 

and using the genernl statistical eqllntions~ we ohtain the stritistical 

equat:i.ons for a compressible turbulent gas It by method tlB" • 

. ~.:.~.:.!.:. The stati.stical equations [13] ·}r B~] for balance -of 

mass read ( 8 ) ( 9 ). (12 ; eq. 8) 

... / ... 
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0(5 + ~ (is V') = J) (p) 
ot oXB P 

063J 
I IT ill 

"" . p 'oV'& OJ) .D(p) 
ot + --, oXp 
TIl If.. ill 

The physi.cal:meanlng of the-various te'f.TilS- in these equat1onscorrespo~d 
,-to the mean rates' of variations ofP per 'Unit time and ier-l,lnit' 

volume accot<iing to-: 

I :: local change) ," 

II ~c.~a,.~eby c'onvect1v.e t.riUl$p<n:t at t.he macro~copic 

velocity, 

III =: cll.ange by loealcteatioti ot destruction, 

IV. =- change seen by an observer follo('ling -themactoscopic 

_motion, 

v- -- "'.: change by-macroscopic va:dation of volume, or dilatation. 

- -- " In each of these equation the three termS concerning the mean mass_flux 

due 'to turbulence are removed by definitionofP Vy 

. ~!~.:.~.:. The statistical equation [16] for balance of a trans- . 

ferablequantity p'y , w:i.th mass balanc.e, and with: 

[164] [ 
, reads: 

IV ..... 

- OY p-
Dt 
I 

, "" 
""0 -, -, oVA. 0 v'· 

+_ py + py _t-'_ ,+ _ P • VA. + 
Ot OXp OXp t-' 

ill TIl }l 

D(py) 

JZI 
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Physically [12] [13J 06] the terms of this cquatioodescrib~ the 

per unit time and volume' by : mean rate of variat ion of P '( 

. 

I + II "" change 

taking 

II! "" change 

IV "" change 

- '" 
of P I 
account 

and 

of P I' 

of PI' 

follmqing the 1l1flcroscopic motion!! 

of the mean mass balance 
.,' . 

afthe macroscopic dilatation, 

foliOtJing the macroscopf~ motion, 

cueto the macroscopic dilatation; 

V :. change by turbulent convective diffusion of . P I 

§.:.~.:.~.:. The statistical equations [27J of motion for til flui:d 

read.{ 8 ) ( 9 ) ( 12 ; eq. 11 ) 

(166J .. 

giving the lOOanr~tes of variation per unit time and volumeof P Va. . ' by : 

1 -I- II = change of P V" . following the macroscopic motionjl .. . ex 
taking ~ccount of the~ss balance' 

.' . " ; 

and of the maCroscopic dila"t-ati6n; . 
. . 

III =c~n';e~tive dif£~sion o~ 'PVa. by turl,lulence, ' 

IV == external forces, 

V. ' "" pressure gradient. 

VI = molecular friction stress terms • 

. ;,} 

In each of these three equations seven terms are removed. by definition' 

of P Vy , 
. . ' .. / ... 

~ A,.,. 

OV(3 "V .tV 

:D (p) o (p y) 
_ IV 

=p 01 "" wi th ~63] + P I + I 
Dt OX(3 Dt 

_1:)':;~.,~.;? .":'-~';; :.:"._ 



For a neigtonian gas, with [34J [11 ~J 'and the assumption [38] 
implying : 

[118] [~=iI+aell 
the relation [39J gives : 

,. -

- -.- -_ e" -() .. ( OVb.) -oe."-( bv&. .ova .)- _.2·- . oe" _ OVa]- -
+ - -- +-- --+ - - -_. -

__ ~ -- 3 --Ox~x 0Xp _-. OX~ OX~ oX,C( _' 3' __ ox~ OX~ ~_ -

-the additional terms 

-- 6a • [ "fO Va -- O~b)·· ; oa" Ifo.V&] .... _-___ e~ __ + __ e _ 
oXp, _- ox!) _ oXa, 3 ()Xf3 OXp __ 

- ._-
, -

are usually negligible. 

The variable II may also be tn-it_ten P V I) with the kinematic 

ViSC9sity V j andthtis II is extensive. 

Let us set, with [3Jf]_ 

~68J [ li = 11 +'11' 

with Et 14J and the assumption [38] 



The r. h • s. of the equat ions of mot ion read [39] : 

[170J 
+ a 

[ 

2· 
e' . ° Va. 

..OXf3 0XP +i e' 
3 

Thefol10tl1iUg -additioilaltenn~ : 
- - . -. 

20 e' OV f3 ]· 
30 Xa O·X f3 . 

_o_a[ e
l 

(_O'l._C( +_() ... V._.~-) __ ~ ._o_a .... (p s' ~:~ .•..... JJ .. _-~ .. _-
.OXp . .. OXf3 OXe( ··3aXCC- u ~. 

bciingiisuaHy negligible. 

- 56 ~ 

·~h~stat~sticaleqt.!atiQns L~ 3] of motion for a fluid relative 

t~ a cons.tant rotationcoord~n'i;lt;e system read (BLA~KADAR; 11, eq.53); 
- ,. . - -- - - • =. ~ ~- ~ 

In. the case of motion relative to a planet the righ~Jy:md sides read : 

[172J [px~ - i'lP+~ u;- -p V~ Vp) + i5g
u

+ 2Cuny Wy p ~ 
oXa.OXp 13 .. tJ . 

In each of the three expressions [t 71] B 72J two terms are removed in 

Cor.iolis force, by definition· of P Va. 
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" 6;2~.4.·: F0t:: energy tfe cons ide't' th~ case when th~ mas8:ls 
conserved (~5j-:~~e s~atistlc~l equatiori;[SO]' fo~·int~rn~l·~·. kinetic' 

. -'. .' : . . . - ~ 

energy of a gas reads (12; eq. 24).: 

by :-

..... ,-

pO (e+ 1 ~t) +fj (1 p~~v~) + 1
2
' . PV({.' ... :V~,.,· ··.~,?x.,.~ . .' '.' 

Dt .2..Dt.2.. uK 

1 IT m· .......• 
~pxaV;+ P~aV~ + 0 (f({n~'+ faA Va + hA:·~~ . ..:pe/vp[ 

oXp . ""' . p ~ .'". ,,' '" 

]I '. w - 3ZIIl' .K, .... 
:: -', ~. =. 

···t~t.· .y' 

-Va evavp-~· PVaVQ V'1l }-b~a(1Jt+p v~1+~( q) . 
X XI "X[ XIII:- -m 

.~-l . =chanseof 15 e + r P·va ~ . follOWing the 

macroscopicmo~ion. mass- balance.' '.' 

and'~acros~opicdiiatatiOn'accoUnted. 

" . . 

II + III == change of.kirietic·energy·of.turbulenc~fol1owing 
- . --'. -

the'macroscopi,c motion" and in nia(£~OSC6pic 

dilatation •.. 

. .~ 

IX +X + XI"" convective diffusion of P e + ~ .PVaVa 

IV. + V :# work-by external forces p 

-

VI + VII "" work by surface molecular frictions p .. 

VIII + XIV = heat flux, by conduction and rad~ationp 

XII + XIII::: ,york of pressure, in the motion •. 

In this equation eleven terms are removed by definitions of PVy and Pe' . 

• lit ./ ••• 



. -: 

: ... 58 .. 
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6.2 • .5. The statistical equation for internal energy of a 
;' ,------

gas [71} 'reads (12; eq. 36) : 

, "',... I'\,. 

-~ 
[174J 

p De --. = 'i> 
D t ' 

I II 
p oX -
m~ 

p oVh +_0_ (11 _ P e'v' ) 
oX ~ , " 0 x~ _ ' ;,_~ 
TIl }l 3ZI 

+ cD (q) 

1l1I 

giving t1:lemesn rates of variat ion per unit,'time ~nd' volume o~ P e, :[by,: 

- . ~, '~'- .~- '; 

I ,;:; cb~nge. of P e" following the m3croscopi~ motion, macros .. 
_. ~ --. 

copic dilatat ion and mass balance accounted, ~or, ,-

II == dissipation as heat bymo:1'ecularfriction, • 

: ~.:':: ~ 
IIi'~ (IV '=work 6f ~ressur(!) 'in ~ilat~a:tion. 

:', -;
' .. 

"hliHl J"IJ :~~ , "-~ :,.i,J:;j 1 H:,ftH, . " 
V A~, ;V;ll' =he'at flux, by cdnduct'idtf~a:ndra<l1ationi% 

VIlli .•. ·. =convectiveturbJl~nJdJ1JJiiori of P e. 
, _,-'. f. 

'tn tbisequa,t~onfivetennsare ~e.m,~~edby;definitions of 'Pe', an,~~'lY' 
, " ' .' ; } ',.-; . . : .. - -;' 5. .i: ~ 

: '," Th~ mean dissipation may bese:priiated into [72J)::( 
'. '. .-:' :,' - - - -,";!.:-;~: . '. . ~ '. 

- '} /. -i .~,;'. ,; .. :~:~; i ,. : ,J:! J'::., 

.' , " ' ,.' .- ~.. ~ .'. ;()V·; ;HJ-; ,~'~',: • : , [U ~;~ In''; ~ .... f';:' .0. ... '. \ ;.; "," 'P - fa,n U 
'~:='B+Y'"' B = up, 'oX ~<i;> ,- . ".I <\X f3 

" . '_i:" .,;- , 

For <l ccm:mon gas,~ ,with [7 ~ 17 5J, (12 ;'e~:" '43 t 46): ' ' 
_ .. ,. . these functions readJ. ,-'; ....... , 

[175J 

'oV' QV' 
, ,0.. 13 

na{3= ,OX{3 +OXa 

... /.' .. 
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l-lith the assumption [38J ' the relations [76] give .. 

tdth the definitions [114] : . 

- o~ .. . ,t"'" 
71\ IT - "'-' 2 - oV Vn. (a", ~ 2 "OVa" Vp ) 
~ = _t'"' nC(~nC(~ _ -I-l ~ _t-J -I- a - nC«(lnC(~ - - a -. "'3:- . 

B 2 ~. ~. 3 'oXa oX" 2 fJ t-' 3 . oXa.u.X~ 

"'V' . .>.v' . oV' 
.n' _ 11 n n'2 Ii O~a u -J3a ·(a"'n. n" 2 ·.e" ~a .. ::., p ... ) 
.~. -"2 C( J3 « ~ ~ "3 roXa _0 X~r-l-_ 2. a r3C( ~ -~ ,: - _o.xa 8-xt3 .. _. 

• 'and ~iiththe defini:tfOns [15~J: 

[177J 

• . _. - . . ':._,l - ~ 

- and '.. -n >.~.ff:l·:in" .' 
ct{3~-af3: :::a " .. ._ . . 
:';' 'concerning the heat COl1·ductiv{ty k, t11e- rela~ions[82]-[831·· 

- '[114] . B 54]:aOO' .the:as~umption [84]lead.t;<ithedefinltions; :;: , .... 

[179J [, L K +, beN L be' [1311.' L • 
Tlien [132J [91J ,;).' 

.. [ ~'d hp --'c) ('-k ~e.~· ••. 5-. '0 a"2 . )' .' .' ~ .... ~ O[ k oa b (1.0 ~'2: e.::1~e. )~ - . _+ ___ . __ --.-1-.---1--. 

d x~-oX13· ox.p 2 0 X P o~p oX p - 2 0 *j30X ~ 
- '. - .. -' . .~ - -

- '" -with e = a -I- a' 

These expressions are n0t:s simple as the expressionsfor~A 

'fI" [133J, ~ [132] obtained by the methOd "AVO p 

OX(3 
because 

• •• /. 0 • 
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6.2.6 • The statistical equation of state [78] reads: 
. -----.. 

. " -. 

t1hlch has the same form [139J as given by method "N'~lhen e is us~d 'jo' " 

'" when e is used the additional terllr pg' , representing the mean ,effect 

of turbulence$is removed, by definition. 

'6.2~7 . The enthalpy [59] may he illsoseparated1nto a 
• ~. _ :--_. _ -'.~.!IID_""'-~ -

roacroscop'ic pait L' <luda flucttxstion ' if ,~ 

'--._"-~ --;; -IV ........ ·· 

P 1= P 10 

+ P 1= P e, + p 

Let US set,: . ; . 
,.\ 

-(, , .- f:' 
: ... ::. ' 

'l'he stati~tica~equa~ion [811 ,Qfenthalpy "tben -reads (12 ; eq. 50): 
-, 

, POl' :-'1> '+ M ,- +V_,a p + ~(r-_P j'v' _)' + :D (q)': -.~,-' 
,,·0 tot _ f3 ()X~ OXf3, ',f3,_ P. -~ __ , ;>~ 

1 ,IT m-, IS[ .y. 1lL 0;' w.':.;;~ 
: " . '" 

giving th~ 'mean. rates of variation per unitti-me and-':voluk~ ofP'j .'- ,;' -b)' : 
; ,- .; .:. 

•. _ -f!!,I ~'~ : , 

= chani;eof P r follen.ring the macr()scopic ulotioll, 
-' - • £_. . - • 

macroscopic dilatati,onand mass balance accounted ;for III 

II = dissipation as heatl>, 
;.; :' 

III + IV:: cbange of pressure following theinstantaneou's 

IV 

motion : d Pt· :' . 
dt; , 

= transformation bett-l'een enthalpy and'kinetic 'eo~ergy of 

turbulence, because this term appears with the opposite 

sign in the eq~lation of that energy ~ [189] terms 

VIII and lX, 
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v , VII::: heat change by conduction' and radiation, .. 

VI ::: convective turbulent diffusion of P i 

In this equation five terms are removed, by definition of. P V6 and Pi' 0 

2!~.:.§!, The statistical equations of heat transfer [85] [86J 
-in the case when the specific heats .are constant: read : 

c( p De + ~ Pe'v' )== 
v 0 t, oXp, P 

I 111 

- ',wi th [154J 

, with QS4} 

[186J with~14] 

giving the mean rates of variation. per unit t:i.mo and volume 

of Cv Pe [185J by: 

I "" change of Cv Pa follotl7ing the macroscopic motion, 

macroscopic dilatation and mass balance accounted for" 

VI "" turbulent convective diffusion. 

the terms : II~,III, IV 9 VI) VII being the same as in [17~J 
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[186] by 

I "" change of C p P e foll~Jing the macroscopic motion,: 

macroscopic dilatation and mass balance' accounted,for~ 

VI "" turbulent conv,active uiffusioll 11 

the terms II />. III 9 IV I> V ~ VIr being the sruneas in [1 84] Q 

In each of these equationsB 85J and B 861 ,;' three terms are removed 

by definition of . P V~g. aud t'lfhen e is used tt~O terms more are " 

removed by" definition of P a' 0 

2!~!2! 'L'he Btatit.H;ical eq<"lat:lon of kinetic energy for the 

macro.scop.ic motion [9 2J reads (12' ;'eq.41L 

by :: 

I. ' 

'. ; : 

III 

-PXa~ ~1'~ :,r., % ( fap- p V~ Vp, )J. 
11 QXf3[; ill'" TIL: 

.. -.... 

-, - . 

"'"change Jollo~'ing the macroscopic moti~n; ina~r~s(!oplc ' 
, dilatation andll!8ss bal,a'nce accounted.for p 

, :;}' 
"" non-dissipative work by 
'the macroscopic matiori ... ~,; . _. " .. ' ~ .: 

molecular' friction, ':in II," " '. ~ 

---:---'. ; '; . 

IV . = work by the, turbulent stresses P Va Vp; , ' , cinth~-· 

macroscopic motion, , 
, . 

V "" transformation of thek.1:netic energy of the macro,scoplc 
- • J : 

VI 

motion :f.nto ldnctic energy of turbulence; Le. ~inus 

the proouction of kinetic energy of turbulence, since 

this terM appears with ella opposite sign' in th"; ·'equation 

of turbulent kinet 1c e~ergy [189] • 

"" dissipa.tive \l1ork by molecular frictloll , as heat, 

in the macroscopic motion, 
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VII = work of the macroscopic motion against the pressure 

gradient. 

In this equation nine terms are removed) by definition of PVy 
POI' a newtonian gas [93J [981 - : 

- . 

.. .. (l (i(it ncr F ~Q (~j'iQV~) 
_ oX13 p _ 3 OXa - . - O~-~L 

- L 
° ( ...... I )- -2a ° -.-.(-y- e' oVp -).-

+ aoxp Va
e 
nap- 3" C>Xa -aox~ . 

§:.~.:.!Q.:. The statistical equ~tion [95J [98J of turbulent 

- Idrietic erier&,"Y for-a gas reads (12 ; eq. 4-4) 

----:---::- - ~ ~ . o 1p Vi VI 1 (5 V' V' ~-_ 
Dt 2 a a + 2" a a aXf3-

I IT 
PX" d (f I 1·p I I ')- pV'v' 0t ,n,v,-oj) v'op' = a Va + - anY C( - - va va v p - a ~ -- - y - a. - - a -_. oXp I-' 2 ° xj30Xa oXa 
ill TIl TL :;zr W ~ .IX 
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giving the mea,n r.ates of 1.on per. unit tim:; and volume of ..1. P Va' V' 
2 a. 

I "" chauge follov3ing the nk'1croscopic motion" 

II >= change due to the di1atat:ton~ 

v ~ turbulent conve.ctive diffualou, 

III "" 101Ork by extern.al forces in the turbulent fluctuations 

of velocities ; let us notice that with 

/'v " , '" "'- p X' '1'-XC( ~ \1.+ XC( 'VXa p \:XV~'{ .- aa 
IV "" non dissipative 'VJork by mole';u friction in the~ 

turbulent fluctuations of v.elocitles" 

_VI - "" production of kinetic en-ergy of turbulelice~ by 

_- transformation of the ld.netic energy of _ the macroscopic' :." _ -

motiOil [18 7J (I 

VII"" ,dissipative work by . ' .. molecular friction II as -heat..-

in: the turbulent fluctuations of- velocities II' 

'11111- + ix= transformation bet'W'ecnenthalpyand Kinetic. 

energy of turbulence [1 8~lj by the- tvork of- the 

fluctuating turbulent mot ron against. the pressure gradient. 

In this equation three tel."lllSB.'(e removed by definition of P v~- '. 

This equation laiil agrement wit;,h the equation 

,-~LACKADAR (11.; eq.6" 15) fot' atmcspheric turbulence, but 

cf the turbulence in to two domains, as he dOles .. 

!h.~.:.!!:. For the total enthalpy [9 7 J B 82] : 
• ';'¥. /' "'- ':\" -:\.., I I 
J T = J + J + ~ Va va + va va + t va. va 

let us introduce the definitions [1';S1J [183J : 

given by 

't>lithout sepa~:.at-Ion 

. I ./ ., • I ....... Vi 1 V' V' 'T = T + 'T 'T':: I + Va a +- a a 
~90] 

2 

r 1 V" ({-
;::> 

---;;-~ 

1 P V' Vi IT = P 1'1 ::;:: +2" a a - a a 2 

1 
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The sta.tistica.l ~quation Q 05] of total enthalpy then reads (12,; eq.; 54) 

o ' p" ,
+'-,- IrVp:;:: 

OXp" ' 
TIl 

= RXa~+ PX"Va + O~p (~I'V& ;trpVCr + hp );~r+J) (q) •.• 

Yl3ZIJZI[, :]j[ -- ]X 

giving the meaD t".'2lte.s 0,1; variation per unit time and vo-1u111C of-PiT - by -: 

, .. -' -"-

I _ ':;:; change of P iT 

-~ :.-

11= change of P i~ fc,llov:ring the-macroscQpii:: -mot10n~ 

111= change of P i ~ 

- IV""_ turbu-lent convectivediffusionof-' PiT', " 

VIII == mean loca.l t'ate of change ofpressure,ll--

The terms V to IX h~ve the sa;me phys ica1 mearilng ."1.3 '~:i.nthe -

preceding equations [18.g ~ 87J [1 89] 

\-lith the staflstical equation [107], or by addition of equations BS4] 
ofenth~lpya:Ud,' [18 7J of kineti~energy of the macroscopiJ; motion, , we 

have_ [18~ ,(12 ; eq. 55):., 
"" "" - - "---,' .. ' 

o (':' -1 'l-- ...... ) _ - D ('" p-- 1-V- V)-'''' _ P_, I -I- - Va Va = P, -' e +-=-+ - C(- a ~ 
Dl2 Dt. P 2, 

092J 
[ 

- ) -h -] - OV"-= -PX-, V + ~ V (f _ P v~ v~ + ~ _ P i/v~ + PYa, v(3' ,_a_ 
a a oXn a up ,l'-' l'-' l'-'. oXp 

IT ill TI NW ~ 

x 
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~ ':, '.' . 

-'~ 
givi.ng the mean rates of variation per unit- t:irwa and volume of P IT by: 

.. ~';'",;' 

- {\,.. 

I "'" change of P IT follOVliilg the ms,croscopic motion, 

macroscopic dllatntior. and rna!}:'; h.'llance accounted for $ 

II to Xl having the sarot:: physical meanings ~s in the 

ecpJ.stions[184] B87] 089J ~9'!J 
. . 

In- this equation, nine terms are removed' by 'definition of 

ttV'O tenn~ are removed by definition 'O~PL' ., 

t-1e may notice that 09G] .~:-. 

6.2.12 For the total t;emperat_ur~9 when the specific heill: Cp-

'b-o'aj-[97J [13-5J is constant 

B 94] f;· cpa; + C l ~iT~ i +~\lVa ~Cp a> ~ Va Va'o:C
l 

:tet us setO 9CiJ B 83J : 

A,.. t ~ ~ "" C I · 1 -v V Cp~T -4-. = -I- 2" a a 

. ~95J 
C P--;" 1'P v~ v' .'" aT = - ·a <X r .. 2 -... 

..... 
The s~atint-:tGaLcqua.tion [192J -in te.rms o;':'total telIip~rat:ure. reads 

(12 eq.·69). :. 

PC" f5~ = PXaYa ~~ .•.. ·[Vd~(l+h(l ~pv~(cpe; - ~'. v~v~)l 
rOt OXp'''''''' '" .. 2 J 
I II - ill TIl. Xl . Xli·' 

pv'v,ot ~op' -I-V' of 
.+ a 13 oXp + + at ~axp 

ww. x - ~ 
giving the mean ra·tes of variation per unit time and volume ofCp P Gr 
by : 

•.• 0 ./ ••• 
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1 == change of C p P a;. following the macroscopic motion, 

macroscopic dilatation and mass balance accounted for~ 

Xl and XII == convective turbulent diffusion of pep e'-r . 
minus the kinetic ener~J of turbulence, 

II to X havin~ the same physical meanings as in the 

~quat ion [19 2J 
We ~y _~Qti~e t:Jlat B 9~ BS.tiJ 

[
XI + iII:_~[PVp{Cp9~ -~ v~ ~)l=- ~(tPv~V:"C]lPdV;' ) 
. OX p .. 2 .J OXp . t-J ... ...,1 

. . 

The. other s?parat ion· 6f _toe· t ota 1 temperature . eTmay be used-also f. 

correspondil.lg to the uelirdtion made by method UN8 [1 "17J 

[151] 

598] 

- [~T =eT+e~ . ~ ~ '8,-= 0 
this. ~mplies 094]- : 

c···.e-II .. - c .. e'l ·v. (v'.·v')· 1 .. V' V' 1 ViV' . p. T = p. + a \ a-a +"2 a a -'2n a 

. P e~ V& == c p P ellv& + ~ p v~ v~ + ~ P v~ Va ~6 
The statist1cal. equation [111J of total teroperatl,lre, ~which nas been 

. obtained by-<:weiage~ o:f_ the insta~\:.aneous equation' [1 09J . ~ reads : 

By addition of the terms of the stati8tica.l equations ~ 86J of heat 

transfer in terms of e and e" and [187J of the kinetic ener~ 
of the macroscopic motiou 9 or substracting from 099] those of [J89]·· i!J 



~e obtain another equation : 

[?oo] PXa ~ + O~{3 [ ~ (ra{3 - P V~ Vp) + h{3 -' C P pe"v'p ) 

op· or 
OX13 + VPOX{3 + J) (q) 

§:,!,:.!~.:. In the case of motion' 

. system inconstant rotation, the terms : .. 

have t.obe added to t:lic~ right hand 

.... ~. . side of· the equations. B 8 ~ B 7'3"-
8 91B <}2] [196] [199] [200J 7£0l' kinetic energy of the macroscopic motion. -

.NothIng- has to be added to the equntion Et 89J of turbulent ki~etic'.> 

have to be added to the r.ll. s ~ •. of the 

._ s.ame equation [1 8 ~ 1 !J aug Xa must be replaced by X~:'" Nothing. l!a~ . 
to be changoo in~o the statistical equati~of turbulent kipet'ic energy. 

[189J because : . 

ga.P v~ = 0 by definition. 

·and also because the gravity being assumed to be non .. random, the fluctuation· 

of X~ are equal to X~ •. 

t~e may notice that. [1 51] : 

-, 
:=:=:)~"". Va = 

p'y' . 
C( 

p 

• e ./~ .-. 

I 
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Therefore the terms VIII in [189 J 
·{:·.1·':' -

(11 ; eq., 7.9 with 11 )~,:: 

[201J VIII 
, [.';' V' c)p _ 

-a c)Xa-
: :~ 

correspond to the ,.,ork done per unit, time 

force on;tl1e;edd.:Y.'mot ion. 
1:-'" the meall pres,sure g~adiEmt 

~,' ":; .~" 

,For atmosph;~~f~'llO"wing BtACY.ADfl..R (11,; 1'.:i\)')"; let the hydz.c;s:t·atie'.~'~~uation, 
be assumect;to 'r~pre6ent a satisfactory ap~;fOximation of t:h~';tUean:!t~'it:ical 
press1jre ~~~dienr f accordinglY:" ;,.! ;." "";' 

':.,:, 
.' ~ .. 

[202] 

''(.men the x . 3 

; ,,:-~: .~::- ": .. 

f -'_ V'3 0 jl # _ 9 P'v;: l 0 X:s - , 

, Consequently, because'of .equatiori~02J , 
-.. '" - ... :," 

~os] ~" 
'It appears , therefore, that anappi"mdmate, equivalence exits 

bett.,eenthis tenn vr:u ,in[t89] a~d that '~lhichll according to ;Richards~n'~s: 
., iilterpretation. l.-epresentseddy t'lOrlt against gravity • _The later ~orresponaB 

to'theabstractic:m of turbulence energy. by w~!kirig against the foi~e of 

'gravity. or to the production of, turbulence by buoyancy;; 
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VII. - CONCLUSIONS -

LL..:. The statistical equations of .a turbulent compressible gas, 

considered as a continuum. have been devclopedi' in the general case i.;hen 

all the properties W such as the velocities j densitYfi pressure ll .internal 

energy and temperature II even external forCeS ~~md a1,so the bulk properties 

such as viscosity 11 heat conductivity and specific heats are 'considered 

to be turbulent, and tl1hen these random quantities are separated into 
~ ~, 

macroscopic parts Wand fluctnating parts W'in a ge~er-'al' form: 

[1J * 111 "W::;:W+W 

~ . - '-' 
, , 

~- .' ~4'i -')Je '- 7' 
such that [3J W'= W =:::>- -[4JW- ~ w _ W 

. ~ .. . ' ~-' 

, This set of analytical expressions can bt~used tomgkc the 

choice of- tl~e defifiitions_ of the macroscopic <luantities that givejlfor 

different fields of application» the most convenient form to the _equations, 

for mathematical treatment, for phy,sical meanin~h and- for the performance 

of measurerncntS. -

"- -. -

These equations have been used to complete a set: of analytical 

. exPr'eGslons·,hY the method "AtI)which extends to cQUlpressibl.e _ flows the 

clas.s:icpl'~ced\lie used fot incompressible flovlS p i.e. the macroBc_~pic 
" - .. - - . -

quantiti~~ being the mean values of tl!e random quantities : 

[112J * -W;;W *" . W = 0' 

The equations are t4ritten tdth the follOlV'ing fundamencal 

macroscopic quantities ~14J : 

p , Va.» ~ , e :I .-

and when the specific heats are cons,tant jI with the quan.titie,s [136J B t; 3] 
[1~61 : 

--
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Some ~'souree" tet'mS are s1nip1ifi~d, such as viscos,ity terms [t19] 
B2~ ~33j J and heat conduction terms (}32J 

But the state equation [78J is riot simplified "o~ild the equat'ions 

itA" cO!lta in all the additional unknown nonlinear transport:terms of' the 

general equatlori8~ , 
.,:~; , ' .:. ", . '", ': .... - '; .. ~-

'c.,The physical meaning chen is, u()( 'simple ,and espeoiallywhen 

c~nsideri~,~thdfiuid enclose<r bya surf-ace mOving at the\nean vel..oC:ity II 

because tl~e'reis ~ ~ean maSS flux due to. :t'Jrhulence ~hro~~h'su~h.d:r;, 
. '. ' 

surface. 

The ho1';-'i.nre anemometers meesurethe quantities ' P Va and e 

oreT ' • and not di'rectly Va. .' 

;: :. . 

7.3._~ , Theaen.eral equation~ l~.sve'b..~e~lis,ed to diSCUS~':tJle.ch~\~~.Of 
,definit,ioos . of 'the fundamental macros'co-pi~~ua~tities that give ,t1'l~ 
most convenient :forms to 'the equat~oosc.;"~ ~,: ; .•.... ~ 

-f' .", 
l11esegeneralequ~tion.s -have·be~nu.sedthen to 'complete 'a set· . 

of analytlc~l e;jq>ressioos By· the. meihodio'B" ,:e~tendtngto.the general 
compressi.ble fl~s -a: procedure used for .a.tmosPlleric turbuleXl,ce research. 

The equ~t.ions· arewtitten t..Tith thefoUo-vling fundamental macroscopic 

quantit.ies [161] .' : ' 

.p') P ~ =- PVa. , 
'and'the qUBlitities B821 B 90],' 

1= e + /)' IV -p/-p 
1 

and \J'hen the specifi.c heats are constant ,t1ith the quantities ~ 6~ 095J 
[198J : 

,- . -,., - ;v. ~ . t 
a or p e ::: P e, c p aT=:' I T + C 

or C p aT =- C pe + ~ ~ 'h + ~ Va + ~ v~ "0: 
Some "source" tellUS are simplified" such as heat' conduction 

tern>.8 Bao] It and viscosity terms [16/j [177J » but the simplifications 
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uf the last terms are less than those obtained by method' "A" ~ 

The state equation [181J is simplified, 'V,71t.h method un" ~ and 

also many additional uuknoH"X] nOll1inear tran;sport tel"mS of the gcnel'ol 

equat ions are removed i> 1. e. : 

all these terms in the equation of maSs B 63J • 

seven in each ,:quation of illotion.[16-6] I> and 

_t~~o in each Carlo ita· force cOL1ponent [1 71] , 
-eleven in' the equation of internal and Id"1.etic 

~mer8y @ 73} ~ 

five in each of the equattons ofintemal energy [174]' -, , 
~n~h~lpy BB~J " and heat transfer [185J 086J . " 

nine 1n.theequation of· kinetic energy of the 

tnac-roseopic tnotion ~ 87J ' 

-thre~ ire the 'equation of kinetic energy of turbulence [1.89J 
and three in the Cor!oHs r(JI'ce terms (6.2 .. 13tt , 

eleven in the equat::ion of macros,caple enthalpy I> and 

kinetic !'!;!!crgy of the mean -motion ~9 2], 

Since the physlcai iriterpr.etationof· the terms thus eliminated .!-8not- , 
.. . - - -

sitnple p the physical meaning of that'enus remaining in the equations is· . 

clarified;E~pecially the consideration of the fluid encl,osed by .a surface 
., .- ., " .• ", "-,,. 

moving at,' the mean mass-\ieighted velocity Va is simple, . because there. 

is no mean mass £10\-3 due' to turbulence through that surf~ce. 

The terms remaining in the equations are : 

those containing macroscopic quantities which have the Same 
fotUlS as the corresponding terms in the instantaneous 

equations, 

addltional terms representing the mean effects of turbulence, 

which do not va.nish in the equation of incompressible 

turbulent flows. and 11111ch for compressible 'f10\-I8 are 

more general) such as B 65] : 



~ p y'v' 
OXp P 

D' 1 P Vi V' 
Dt 2 a a 

convect~ve turbulentdlffusionof PYjJ 
'::-:. '. 

rate of change of mean kinetic 

:.: .' .. 

energy of turbulenc~ follOtV'ing the macroscopic ~otionll 

'and the SafLle fm."m of te~8 t,mcn P Y' •. , pie"; . ". ~!lhen 0 
- :;:' : :', ~. :- '- .;~ :-

is used 9 . (but not 1;Y'hen9 1~ used) II '. 

worl<;. of turbulent ~tre(HI';s agaiwt mac;r:Oscopic velocity _ 

>,8.radients ,;' .~i' " 

~- - dissipation as heat of turbulent 

, roeandumge of turbulent kiKl~ti<: .. 

energy by action of pr.essure fluctuatiofl 

in turbulent motion,-

add-itioual tenus, representing the mean effects of turbulence 
:;" 

'which appeal' . with comprassibility» or dilatation, 

S,ttch as : 

1 PV' Vi - a a 
2 

rate of change of the mean kinetic 

energy of turbulence in t:lact'oscopic dilatation. 

ov' _0 mean change of internal energy by 
OXp 

action of pressure in turbulent dilatation. 
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. _ V~ 0 P = ~-Va 0 P mean change of turbulent kinetic' 
OXa P OXa 

energy. by action of mean pressure gradient on 

turbulent fluctuations of density and velocity, 

of viscosity in turbulentC dilatation!> 

addit:i.o!l€!l tern1scorrespondlllg to ,the roe4:!.n effects of 

turbulence' of eXternal f()rces' X~ II viscoaitY$ heat 
-

conductivity. 

. . 

These terms'remalning -in the etl'Jati~ns'have 're'latively simplephys1cal . 

interpretal:forls •• 

Concerning the perfolinance of. measuret;nents, the hot-wire .... 

anemometers meaSu're -thequaIl.f;ities· p.Va. 8.nd e or Eh p for the. 

cons iderat iou of \vhich me.thod Hn" appeal:sto be mor€: cmwenlent'-

l'heequati6ns' obtained. by met.hod'slli\'l and: nB'" are equivalent .. 

for incOI]lpressible flm{s, and for flows in llhich the correlationcoef ... 
~ 

f!c{ents r p Va . , rp e 
und internal Elnergy :. 

.. ~ between density and velocity,de.nstty 

gensity and :.tcmpcrature, are y:lull. They are 

practically eq~ivale~t also >;>1hen l:herclat:lve crro;:s of ihcasurement: of' 

the macroscopic velocit.ies, and internal energy, am temperature exce¢d

tbe product ofi.:hese correlat: ion coefficients r P Va "r Pe I) rpe ' 
by the int'ensities of turbulence of density and,respectivei'y,of veloc1ties~ 

internal energY', and temperature. Then, the method dBu • bei!\g simpler,scems 

to be more convenient. than th~ method If A". 



~ 

In general cases. t>lhen the differences are significant ..the 

equations -"B" have simpler mathematical fo:rro: and simpler physical,', 

meaning: than equations nAu " and seellli more convenient in the theoretical 

point of viet". 
\~ :~ 

'From tha e~tperimental point of views 'employment of tho tt>10 

methods will give the final conclusionl c~cerning the most convenient~ 

for each field of applications. 
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